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WEIGHTED KAPPA

WEIGHTED KAPPA

Primary Disciplinary Field(s): Statistics, Psychometrics, Epidemiology, Measurement
Theory

1. Core Definition and Purpose

The Weighted Kappa ($kappa_w$) is a specialized statistical measure utilized to assess the
degree of interrater agreement, specifically designed for situations where the classification scale is
ordinal. It functions as a sophisticated variant of the fundamental Cohen's Kappa statistic, but it
introduces a crucial mechanism: differential weighting of disagreements. This allows the statistic to
account for the magnitude or severity of classification errors. The core objective of $kappa_w$ is to
determine if the consistency between two independent raters or measurement devices exceeds the
agreement expected solely by chance, while simultaneously acknowledging that not all
disagreements are equally serious. For instance, in a clinical setting, two raters varying by one
classification level (a 'near miss') should incur a smaller penalty than if they vary by several
classification levels (a 'gross error'). The Weighted Kappa incorporates these assumptions through
a predetermined matrix of weights, ensuring that the final reliability score accurately reflects the
graded nature of the disagreement observed in ordinal systems.

The necessity of employing weighting schemes arises from the limitations of the simple,
unweighted Cohen's Kappa ($kappa$). Unweighted Kappa operates under the strict assumption
that disagreement is binary: either the raters agree exactly (contributing positively to reliability) or
they disagree (contributing negatively, regardless of the distance between their scores). This
treatment of disagreement is often inadequate when dealing with scales like Likert scales, severity
ratings, or disease staging, where categories are inherently ordered. The introduction of weights
allows researchers to assign partial credit for classification outcomes that are close to agreement,
thereby yielding a measure of reliability that is far more sensitive to the inherent continuity and
structure of the underlying variable being measured by the ordinal scale. This refinement makes
the Weighted Kappa an indispensable tool in studies requiring high precision in the assessment of
subjective judgments on structured scales.

2. Theoretical Context and Mathematical Foundation

The theoretical foundation of the Weighted Kappa builds directly upon the framework established
by Jacob Cohen in 1968, extending his original kappa statistic. Cohen recognized that treating all
disagreements uniformly could mask high reliability if raters were consistently "close" but rarely
perfectly matched. The general formulation of any Kappa statistic involves comparing the observed
agreement ($P_o0$%$) against the expected agreement ($P_e$) under the hypothesis of
independence, scaled by the maximum possible agreement beyond chance. For the Weighted

PSYCHOLOGICAL SCALES scales.arabpsychology.com



https://scales.arabpsychology.com/?p=52544
https://scales.arabpsychology.com
https://scales.arabpsychology.com

WEIGHTED KAPPA

Kappa, the standard components of observed and expected agreement are transformed into
weighted measures, denoted $P_{o(w)}$ and $P_{e(w)}$, respectively. The formula compares the
weighted observed proportional agreement (or lack of weighted disagreement) to the weighted
expected proportional agreement (or lack of weighted disagreement).

Mathematically, the formula for the Weighted Kappa ($kappa_w$) is expressed as:

$3$ kappa_w = frac{P_{o(w)} - P_{e(W)}}{1 - P_{e(w)}} $$

Where $P_{o(w)}$ is calculated using the observed cell frequencies ($p_{ij}$) and their
corresponding weights ($w_{ij}$), and $P_{e(w)}$ uses the expected cell frequencies ($e_{ij}$) and
the same weight matrix. The weight matrix $W$ is an $R times C$ matrix (where R and C are the
number of categories for Rater 1 and Rater 2, typically $R=C$), and its elements $w_{ij}$ quantify
the degree of disagreement between category $i$ and category $j$. By integrating these weights,
the statistic ensures that the overall measure of agreement is diminished more significantly by
classification errors that span greater distances across the ordinal scale.

It is critical to note that the weights assigned to the diagonal cells (perfect agreement, $i=j$) are
always $w_{ii} = 0%, signifying no penalty, while weights assigned to off-diagonal cells range
toward 1, representing maximum penalty. When all off-diagonal weights are set to $w_{ij} = 1$
(maximum disagreement), the Weighted Kappa reduces precisely to the simple, unweighted
Cohen's Kappa, demonstrating the unweighted version is a special case of the weighted measure.

3. Key Weighting Schemes and Their Implications

The operational utility and interpretation of the Weighted Kappa are fundamentally reliant on the
specific weighting scheme chosen. The choice of weights should reflect the theoretical spacing and
measurement assumptions inherent in the ordinal scale. Two standard schemes dominate
statistical practice: linear and quadratic weights.

Linear Weighting Scheme: Under this scheme, the disagreement penalty increases linearly with
the numerical distance between the category indices. The weights are calculated using the formula
Sw_{ij} =i-j|/ (k - 1)$, where $k$ is the total number of categories. This linear progression implies
that the distance between adjacent categories is considered equal across the entire scale (e.g., the
difference between category 1 and 2 is numerically and substantively equal to the difference
between 4 and 5). Linear weights are most appropriate when the researcher assumes the ordinal
categories represent evenly spaced intervals of an underlying continuous construct. The primary
effect of linear weighting is to provide a consistent, proportional partial credit for small errors
throughout the scale, making the resulting kappa value a balanced measure of overall
displacement.

Quadratic Weighting Scheme: In contrast, the quadratic weighting scheme applies penalties that
increase exponentially with the distance of disagreement, calculated as $w _{ij} = (i - )2 / (k -
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1)72$. This squaring of the difference means that small disagreements are penalized minimally,
while large disagreements incur a significantly heavier penalty. Quadratic weights are preferred
when the scale is believed to approximate an underlying continuous variable that is normally
distributed, and researchers wish to emphasize the detection of severe classification errors. A
crucial consequence of quadratic weighting is its mathematical equivalence to the Intraclass
Correlation Coefficient (ICC) when the ICC is applied to the raw scores, providing a useful link

between non-parametric agreement statistics and analysis of variance techniques.

In addition to these standard methods, researchers can employ custom weights when existing
schemes do not adequately capture the severity of misclassification specific to their domain. For
instance, in a medical setting, the disagreement between 'Stage 3' and 'Stage 4' disease might be
clinically far more important than the difference between 'Stage 1' and 'Stage 2'. Custom weights
allow the researcher to impose unequal spacing on the penalty matrix, reflecting domain expertise
or empirical evidence regarding the costs associated with different types of classification errors.
Regardless of the scheme chosen, transparent reporting of the weight matrix is essential for
reproducibility and proper interpretation of the $kappa_w$ results.

4. Significance and Impact

The development of the Weighted Kappa has had a profound impact on disciplines relying on
subjective or observational data measured on ordinal scales, particularly within clinical, social, and
psychological research. Its significance lies in its ability to produce a reliability index that is highly
sensitive to context. When reliability is assessed using $kappa_w$, researchers can assure
stakeholders that the reported agreement not only exists beyond chance but also respects the
underlying structure of the measurement instrument. This is crucial in high-stakes environments,
such as determining the reliability of diagnostic tools for mental health disorders or grading the
severity of physical impairments, where major classification errors carry significant real-world
consequences.

The Weighted Kappa has also been instrumental in advancing the methodological sophistication of
reliability studies by addressing a key limitation of earlier methods. Prior to its widespread
adoption, researchers were often forced to treat ordinal data dichotomously (e.g.,
agreeing/disagreeing or collapsing categories) to achieve interpretable reliability metrics, leading to
a loss of valuable information regarding the magnitude of error. $kappa_w$ eliminates this
necessity, providing a more parsimonious and information-rich assessment. The resulting statistic
offers a superior summary of reliability compared to simple percent agreement, which fails to
account for chance, or simple Kappa, which fails to account for partial credit.

5. Applications Across Disciplines
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The versatility of the Weighted Kappa makes it applicable across diverse fields. In psychometrics
and educational measurement, it is routinely used to evaluate the consistency of scoring
provided by multiple human raters on performance assessments, essays, or interviews where
detailed rubrics dictate multiple score levels. For example, ensuring that teachers grading essays
consistently assign scores that are close, even if not identical, is vital for score validity.

In medical and health services research, $kappa_w$ is frequently applied to evaluate inter-
observer variability in image interpretations (e.g., radiologists diagnosing tumor size or severity),
histopathological staging (e.g., grading biopsies), or behavioral rating scales (e.g., assessing pain
levels). Because misdiagnosis often involves ordered severity, the use of quadratic weighting, in
particular, helps identify whether raters are prone to making large, clinically meaningful errors. The
epidemiological utility stems from its ability to standardize reliability measures across different

studies, allowing for robust meta-analysis of diagnostic consistency.

More recently, the Weighted Kappa has gained traction in data science and machine learning.
When evaluating classification models designed to predict ratings (such as recommending movies
on a 1-5 star scale or classifying product quality levels), the use of weighted metrics is preferred. A
machine learning model that predicts a 5-star rating instead of a 4-star rating is far better than one
predicting 1-star. The Weighted Kappa serves as an effective loss function or evaluation metric,
ensuring that model performance is judged based on the distance of its prediction from the true
ordinal value, rather than merely the frequency of exact matches.

6. Debates and Criticisms

Despite its methodological improvements, the Weighted Kappa shares some of the theoretical
criticisms levied against the unweighted Kappa statistic, primarily its dependence on the marginal
distributions of the data. The resulting kappa value can be significantly influenced by the
prevalence of categories (i.e., how often each rater uses a specific category), making it challenging
to compare kappa values across populations or settings where the prevalence of the condition or
characteristic being rated differs markedly. If one study uses raters who predominantly score
subjects as 'Mild' and another uses raters who predominantly score subjects as 'Severe,' their
calculated $kappa_w$ values may not be directly comparable even if the underlying reliability of
the measurement system is identical.

A second key area of debate centers on the subjectivity of weight selection. While the
mathematical derivation of $kappa_w$ is rigorous, the decision between linear, quadratic, or
custom weights is entirely non-statistical and must be justified by theoretical or clinical reasoning.
Critics argue that allowing researchers to choose the penalty structure introduces a potential
source of bias or arbitrariness, as different weighting schemes can produce substantially different
$kappa_ws$ values from the same dataset. A researcher seeking a higher reliability score might be
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tempted to use quadratic weights if their data exhibits many small, adjacent disagreements,
knowing this scheme penalizes those minor errors less severely than linear weights would.
Therefore, the strength of the conclusion rests heavily on the justification for the chosen weighting
scheme, necessitating transparent reporting.

7. Key Characteristics

Ordinal Scale Requirement: Requires that the classification categories possess an inherent,
meaningful order (e.qg., 1st, 2nd, 3rd, or Low, Medium, High).

Differential Penalty: Assigns varying levels of penalty to disagreements based on their distance
across the ordinal scale, allowing for partial credit for near agreement.

Statistical Link to ICC: Under the specific condition of quadratic weighting, the Weighted Kappa
provides a reliability estimate equivalent to the Intraclass Correlation Coefficient, making it a
powerful tool for interval-level comparisons.

Bias Mitigation: Addresses a major bias of simple Kappa by recognizing that minor errors are less
severe than gross classification errors, thereby providing a more representative measure of
functional reliability in ordinal settings.

Customizability: Allows for the implementation of custom weights, enabling researchers to
integrate highly specific domain knowledge regarding the relative severity of different
misclassification types.

8. Further Reading

Cohen's Kappa (Wikipedia)

Intraclass Correlation Coefficient (Wikipedia)

StatSoft Electronic Textbook: Kappa Statistics
Cohen, J. (1968). Weighted Kappa: Nominal Scale Agreement With Provision for Scaled
Disagreement or Partial Credit. Psychological Bulletin.

Landis, J. R., & Koch, G. G. (1977). The measurement of observer agreement for categorical data.

Biometrics.
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