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VECTOR

Primary Disciplinary Field(s): Mathematics, Physics, Computer Science, Statistics

1. Core Definition and Fundamental Properties

The concept of a vector serves as a foundational element across modern mathematics, physics,

and engineering, providing a robust framework for describing quantities that possess both

magnitude and direction. Unlike a scalar quantity, which is fully characterized by a single

numerical value (such as temperature, mass, or time), a vector requires multiple components to

specify its total nature within a defined coordinate system. Fundamentally, a vector is often

visualized geometrically as a directed line segment, originating at a specific point and terminating

at another, where the length of the segment represents the vector's magnitude (or "strength") and

the orientation of the arrow indicates its direction. This dual characteristic is crucial for representing

physical concepts such as displacement, velocity, acceleration, and force, where knowing only the

intensity is insufficient to predict outcomes or analyze motion.

In rigorous mathematical terms, particularly within the context of Euclidean space, a vector is an

element of a vector space, typically denoted by an arrow above a letter (e.g., $vec{v}$) or in

boldface ($mathbf{v}$). The properties inherent to vectors allow for consistent algebraic

manipulation, including vector addition and scalar multiplication, which adhere to standard axioms

such as commutativity and associativity. For instance, the addition of two vectors, representing two

sequential displacements, results in a net displacement vector, demonstrating the principle of

superposition crucial in physical modeling. Furthermore, the magnitude of a vector $mathbf{v}$,

often written as $||mathbf{v}||$, is calculated using the Pythagorean theorem in orthonormal

coordinate systems, reinforcing the geometric underpinning of the concept. The zero vector, which

has zero magnitude and no specific direction, acts as the additive identity element in vector

spaces, ensuring algebraic consistency.

The definition provided by physics--a mathematical being with strength and direction--is often the

most intuitive starting point, leading directly to its widespread use in kinematics and dynamics.

However, the abstraction of the vector concept extends far beyond three-dimensional space. In

advanced mathematics, a vector can be any element of an abstract structure called a vector

space, provided that structure satisfies certain closure properties under addition and scalar

multiplication. This allows mathematical objects like functions, polynomials, or infinite sequences to

be treated as vectors, greatly expanding the applicability of linear algebraic tools to diverse fields

such as functional analysis and quantum mechanics. The core essence remains the ability to

combine these objects linearly and scale them using scalar fields, thereby unifying disparate

mathematical disciplines under a single theoretical framework.
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2. Etymology and Historical Development

The term "vector" itself derives from the Latin word vehere, meaning "to carry" or "to convey,"

reflecting its initial interpretation as a quantity that transports an object from one location to

another, primarily associated with displacement. While the physical concept of directed magnitude

was implicitly used by early astronomers and physicists, particularly in classical mechanics

developed by Isaac Newton in the 17th century, the formal mathematical articulation of vectors did

not solidify until the 19th century. Early attempts to formalize directed quantities included Caspar

Wessel's geometric representations in the late 18th century, which applied geometry to complex

numbers, and the work of Carl Friedrich Gauss, who further utilized complex numbers to represent

two-dimensional geometric quantities, setting the stage for higher-dimensional systems.

The crucial step toward modern vector analysis involved the competitive development of two

distinct mathematical systems in the mid-19th century: Quaternions, pioneered by Sir William

Rowan Hamilton in the 1840s, and the streamlined system of vector analysis developed

independently by Josiah Willard Gibbs and Oliver Heaviside later in the century. Hamilton's

quaternions provided a four-dimensional framework that could handle rotations and spatial

transformations using complex algebraic rules. Although revolutionary, the quaternion system was

often deemed overly complex for routine physics calculations, particularly because it required

handling a scalar part and a vector part simultaneously.

Gibbs and Heaviside simplified Hamilton's work by isolating the components most useful for three-

dimensional physics--the scalar product (dot product) and the vector product (cross product)--

creating the concise and intuitive system now universally recognized as vector algebra. This

simplified approach rapidly gained acceptance, becoming the standard mathematical language for

describing forces, fields, and motion. Its adoption was solidified when James Clerk Maxwell's

equations, describing electromagnetism, were rewritten and popularized using this vector notation,

proving its utility across major domains of physics and making the vector an indispensable tool by

the early 20th century.

3. Representation in Linear Algebra and Matrix Context

In the context of linear algebra, which provides the formal structure for analyzing systems of linear

equations and transformations, a vector is typically represented as a structured array of numbers.

This algebraic structure aligns perfectly with the source definition where a vector is described as a

matrix's column or row. When embedded within a matrix framework, vectors are fundamentally

classified as specialized matrices themselves. A column vector is an $m times 1$ matrix (having

$m$ rows and 1 column), while a row vector is a $1 times n$ matrix (having 1 row and $n$

columns). This dual representation is key because it allows the powerful machinery of matrix

operations, such as matrix multiplication and inversion, to be applied directly to vector
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transformations, allowing for efficient computation of rotations, scaling, and projections in computer

science and engineering.

The choice between using row or column vectors is often a matter of convention, but column

vectors are the standard representation in most fields, including theoretical physics and computer

graphics, largely because the mathematical definition of matrix multiplication ($A mathbf{x}$)

implies that a linear transformation $A$ operates on the column vector $mathbf{x}$. The

components of the vector--the entries in the row or column--define its coordinates relative to a

chosen basis. For example, in a standard Cartesian basis ($mathbf{i}, mathbf{j}, mathbf{k}$), the

vector $mathbf{v} = (v_1, v_2, v_3)$ is efficiently represented by the column matrix containing the

coordinates $v_1, v_2,$ and $v_3$.

This algebraic representation facilitates the study of vector properties that are independent of the

specific coordinate system chosen, a desirable property known as coordinate invariance. Concepts

such as the dot product (also known as the inner product, computed algebraically as $mathbf{v}^T

mathbf{u}$ for column vectors) yield a scalar value that is invariant under rotation, confirming that

the relationship between two vectors (e.g., their length or their orthogonality) is an intrinsic

geometric property, not merely an artifact of how they are written down. Furthermore, the number

of components a vector possesses defines the dimension of the underlying vector space

($mathbb{R}^n$), enabling the mathematical treatment of data spaces with arbitrarily high

dimensionality.

4. Application in Multivariate Statistical Analysis

The utility of the vector concept extends critically into multivariate statistical analysis, data

science, and econometrics, where it moves away from solely representing physical direction and

magnitude toward representing observations or features. In this domain, the concept aligns with

the source definition describing a 1-D display wherein the rankings of its constituents on a specific

measurement are arrayed. More broadly, in statistics, a vector represents a single instance of a

data point characterized by multiple variables. If a researcher collects data on $p$ variables (e.g.,

age, income, education level) for one subject, that subject's profile is naturally represented as a

feature vector (or observation vector) of length $p$.

When dealing with large datasets, the entire collection of feature vectors forms a data matrix,

where each row is typically an observation vector and each column is a variable vector. Statistical

methods like Principal Component Analysis (PCA) rely heavily on the algebraic manipulation of

these vectors--finding eigenvectors and eigenvalues of the covariance matrix--to identify underlying

structures, reduce dimensionality, and visualize complex relationships that are otherwise hidden in

high-dimensional space. For instance, the Euclidean distance between two observation vectors in

the $p$-dimensional feature space often corresponds to the dissimilarity between those two
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individuals or entities, allowing for robust clustering and classification algorithms to operate based

on vector metrics.

The mathematical operations defined for vectors--especially measures of similarity like the cosine

similarity (derived from the dot product)--are essential tools in statistical modeling and machine

learning. In fields such as natural language processing (NLP), words or entire documents are

transformed into high-dimensional numerical representations known as word embeddings or

document vectors. The computation of the angle between these vectors in the embedding space

quantifies their semantic relatedness, proving the versatility of the vector concept far outside its

original geometric application to physics, serving instead as a powerful and scalable mechanism

for abstract data representation and relationship analysis.

5. Key Mathematical Operations and Axioms

The consistent algebraic framework of vectors is maintained by a defined set of operations that

preserve the structure of the vector space. The two most fundamental internal operations are

vector addition and scalar multiplication. Vector addition is performed component-wise and is

used to find the resultant of two quantities, such as net displacement or total force. Geometrically,

this is visualized by the parallelogram rule, where the sum of the two vectors forms the diagonal of

the parallelogram they define. This operation must obey basic field properties, including

commutativity ($mathbf{u} + mathbf{v} = mathbf{v} + mathbf{u}$) and associativity, ensuring that

the order of operations does not affect the final result.

Scalar multiplication involves multiplying a vector $mathbf{v}$ by a scalar $c$. The resulting vector

$cmathbf{v}$ retains the original direction if $c$ is positive, reverses it if $c$ is negative, and its

magnitude is scaled proportionally by the absolute value of $c$. This operation is crucial for

defining concepts such as spanning sets and linear dependence. Beyond these primary internal

operations, two critical products define the geometry of the space: the dot product (or inner

product), which results in a scalar and provides a measure of the geometric relationship between

two vectors (used to calculate angles and projections), and the cross product (or vector product),

which is defined exclusively in three dimensions and results in a new vector orthogonal

(perpendicular) to the plane containing the two original vectors, used extensively to model torque

and angular momentum.

These operations are governed by the ten vector space axioms, which collectively ensure that the

set of vectors forms a coherent, self-consistent algebraic structure. These axioms include closure

under addition and scalar multiplication, the existence of the zero vector, and various properties of

distributivity and associativity relating scalars and vectors. Adherence to these axioms is what

grants the mathematical validity and consistency necessary for all applications, allowing physicists

and engineers to rely on the predictable and sound behavior of vector systems when modeling
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complex physical phenomena or constructing algorithms.

6. Significance in Physics and Engineering

The application of vectors in physics and engineering is arguably their most pervasive and

indispensable role. Nearly every physical quantity that is not purely scalar is described using

vectors because physical reality often involves directionality. In classical mechanics, position,

velocity (the rate of change of position), and acceleration (the rate of change of velocity) are all

inherently vector quantities. Newton's second law, $mathbf{F} = mmathbf{a}$, is fundamentally a

vector equation, asserting that the net force vector $mathbf{F}$ acts in the same direction as the

resulting acceleration vector $mathbf{a}$, scaled by the scalar mass $m$. Without the vectorial

framework, describing motion, particularly curvilinear motion or interactions involving multiple

forces, would be mathematically intractable and descriptive only in specific coordinate systems.

Furthermore, forces that influence objects across space--such as gravitational fields, electric fields

($mathbf{E}$), and magnetic fields ($mathbf{B}$)--are represented as vector fields, where a

vector is assigned to every point in space, indicating the strength and direction of the force exerted

at that location. This framework is essential for understanding advanced phenomena like fluid

dynamics and electromagnetism, where operations from vector calculus, such as the curl and

divergence, describe fundamental physical processes, like the rotation (vorticity) or the source/sink

characteristics of the field. The divergence of an electric field, for instance, quantifies the presence

of electric charge sources.

In engineering, vector calculations are critical across disciplines. Navigational systems for aircraft

and spacecraft rely on precise vector math to track displacement, velocity, and orientation

(attitude). Structural engineering uses vector decomposition to analyze forces and stresses on

complex structures like bridges and trusses, ensuring resultant forces are properly balanced to

maintain integrity. Most crucially, in computer graphics, 3D modeling, and gaming engines, vectors

define object positions, movement trajectories, lighting directions, and surface normals, making

them the underlying mathematical foundation for all spatial computations and the accurate

rendering of virtual environments.

7. Vector Spaces and Abstraction

While vectors are often initially introduced geometrically in the familiar spaces of $mathbb{R}^2$ or

$mathbb{R}^3$, the true power of the concept is realized through the algebraic abstraction known

as a vector space (or linear space). A vector space $V$ over a field $F$ (usually the real numbers

$mathbb{R}$ or complex numbers $mathbb{C}$) is a set of objects (the vectors) that satisfy the

closure axioms under vector addition and scalar multiplication, meaning that any linear

combination of vectors within the space remains within that space. This abstraction allows
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mathematicians to apply the rigorous and intuitive geometric tools developed for physical space to

entirely non-geometric objects, provided those objects behave linearly.

Important examples of abstract vector spaces include the space of all continuous functions on a

given interval, denoted $C$, or the space of all polynomials of degree $n$ or less, denoted $P_n$.

Elements of these spaces--the functions or polynomials--are formally treated as vectors, allowing

concepts such as basis, linear independence, dimension, and subspace to be applied equally well.

For example, the set of monomials ${1, x, x^2, dots, x^n}$ forms a basis for $P_n$, meaning every

polynomial in $P_n$ can be expressed as a unique linear combination of these basis "vectors,"

demonstrating that polynomials are governed by the same linear principles as physical

displacement vectors.

This high level of abstraction is foundational to advanced fields like functional analysis, where

infinite-dimensional vector spaces (such as Hilbert spaces and Banach spaces) are used

extensively to study complex differential equations and form the mathematical bedrock of modern

quantum mechanics. In quantum mechanics, the state of a physical system is represented by a

vector (a "state vector") in a complex Hilbert space, and observables (measurable properties) are

represented by linear operators acting on these vectors. Through this abstraction, the vector

concept moves far beyond a simple geometric arrow to become an encompassing algebraic

structure capable of modeling the most complex and non-intuitive phenomena in the physical

universe and abstract data relationships.

Further Reading

Euclidean vector (Wikipedia)

Linear Algebra (Wikipedia)

Vector Space (Wikipedia)

Multivariate Statistics (Wikipedia)

Principal Component Analysis (Wikipedia)
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