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Sphericity

Sphericity
Primary Disciplinary Field(s): Statistics, Psychometrics, Experimental Design, Biostatistics

1. Core Definition

Sphericity is a fundamental statistical assumption central to the valid application of a univariate
repeated-measures ANOVA. At its essence, sphericity posits that there is complete equality among

the variances of the differences between all possible pairs of related groups or conditions. To
elaborate, if a study involves measuring the same subjects under three different conditions (e.g.,
time points 1, 2, and 3), sphericity would imply that the variance of the difference between
condition 1 and condition 2 is statistically equivalent to the variance of the difference between
condition 1 and condition 3, as well as the variance of the difference between condition 2 and
condition 3. This assumption is critical for ensuring that the F-statistic, derived from the univariate
ANOVA model, accurately reflects the true population effects without undue bias.

More formally, sphericity refers to a condition on the population variance-covariance matrix of the
repeated measures. Specifically, if we consider a set of p repeated measures, and we form (p-1)
orthogonal contrasts among them, sphericity implies that the variances of these (p-1) difference
scores are equal, and their covariances are all zero. This simplifies the structure of the variance-
covariance matrix of the transformed variables, making the univariate F-test a valid inferential tool.
Without this specific pattern of variances and covariances among the differences, the standard
error used in the F-test becomes misestimated, leading to inaccuracies in hypothesis testing.

It is important to distinguish sphericity from a related but stronger assumption known as compound
symmetry. Compound symmetry implies not only that the variances of the differences between
pairs of repeated measures are equal (sphericity), but also that all variances of the individual
repeated measures are equal and all covariances between pairs of repeated measures are equal.
While compound symmetry necessarily implies sphericity, the reverse is not true; sphericity can
hold even if compound symmetry does not. The critical distinction lies in the fact that it is sphericity,
rather than compound symmetry, that is the direct requirement for the validity of the univariate F-
test in repeated-measures ANOVA.

2. Etymology and Historical Development

The concept of sphericity gained prominence with the increasing use of repeated-measures
designs in experimental research, particularly in fields like psychology, education, and medicine.
Early statistical methods for analyzing within-subjects data often struggled with the inherent
dependency between observations taken from the same subject. Standard independent-samples
ANOVA techniques were inappropriate because they assumed independence of errors, which is
violated in repeated-measures designs. The development of multivariate analysis of variance
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(MANOVA) provided a robust alternative, but researchers sought simpler, more intuitive univariate
approaches.

The formalization of sphericity as a critical assumption for univariate repeated-measures ANOVA is
largely attributed to the work of George E. P. Box in the 1950s. Box (1954) demonstrated that
when the sphericity assumption is violated, the F-ratio in a univariate repeated-measures ANOVA

no longer follows the theoretical F-distribution, leading to an inflated Type | error rate. He
introduced the concept of epsilon (€) as a measure of the degree of departure from sphericity and
proposed adjusting the degrees of freedom of the F-test by multiplying them by this epsilon value,
thereby "correcting"” the test to approximate the true F-distribution. This groundbreaking work laid
the foundation for modern approaches to handling repeated-measures data and the subsequent
development of specific tests for sphericity, such as Mauchly's test.

3. Key Characteristics and Underlying Principles

The primary characteristic of sphericity is its role as a necessary condition for the validity of the
univariate F-test in a repeated-measures ANOVA. When this assumption holds, the variance of the
numerator (treatment effect) and the denominator (error term) in the F-ratio are both estimated
consistently, ensuring that the critical F-value obtained from standard tables or software accurately
corresponds to the desired alpha level. If sphericity is violated, the denominator of the F-ratio tends
to be underestimated, resulting in an inflated F-statistic and a greater likelihood of falsely rejecting
the null hypothesis.

To illustrate the "equality of variances of the differences," consider a scenario where subjects are
measured at three time points: T1, T2, and T3. Sphericity implies that:

Variance(T2 - T1) = Variance(T3 - T1)
Variance(T2 - T1) = Variance(T3 - T2)
Variance(T3 - T1) = Variance(T3 - T2)

And so on, for all possible pairwise differences. This implies a specific, highly constrained pattern
within the variance-covariance matrix of the dependent variables. If these variances of differences
are substantially unequal, then the assumption is violated.

It is crucial to understand that sphericity is an assumption about the variance-covariance matrix of
the differences between repeated measures, not directly about the raw repeated measures
themselves. This means that even if the raw scores at different time points have unequal
variances, sphericity might still hold for the differences. Conversely, equal variances at each time
point do not guarantee sphericity. This nuance underscores the specific nature of the assumption
and why it requires dedicated testing in repeated-measures designs.
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The assumption of sphericity is distinct from other common assumptions in ANOVA, such as
normality of residuals and homogeneity of variances (for between-subjects factors). While those
assumptions pertain to the distribution and spread of data, sphericity focuses specifically on the
pattern of relationships among the repeated measurements within subjects. All these assumptions
contribute to the overall robustness and validity of the ANOVA model, and their violation can lead
to different types of inferential errors.

4. Testing for Sphericity: Mauchly's Test

The most widely adopted method for formally assessing the assumption of sphericity is Mauchly's
Test of Sphericity. This statistical test evaluates the null hypothesis that the variance-covariance

matrix of the orthonormalized transformed dependent variables satisfies the sphericity condition.
The alternative hypothesis is that sphericity does not hold. Mauchly's W statistic is calculated
based on the sample data, and a p-value is then derived to determine the likelihood of observing
such a W statistic if sphericity were true in the population.

When interpreting the results of Mauchly's test, a common convention is to consider a p-value
greater than 0.05 (or another chosen alpha level) as an indication that sphericity can be assumed,
meaning there is insufficient evidence to reject the null hypothesis of sphericity. Conversely, a p-
value less than or equal to 0.05 suggests a significant violation of sphericity, indicating that the
observed data deviate substantially from the pattern required for the assumption to hold. In such
cases, adjustments to the degrees of freedom of the F-test are typically warranted to prevent an
inflated Type | error rate.

Despite its widespread use, Mauchly's test is not without its limitations and criticisms. One
significant drawback is its sensitivity to sample size. In studies with a small number of participants,
Mauchly's test may lack sufficient power to detect genuine violations of sphericity, leading
researchers to incorrectly assume sphericity when it is not met. Conversely, in studies with very
large sample sizes, Mauchly's test can become overly sensitive, detecting even trivial and
practically insignificant departures from sphericity, which might lead to unnecessary corrections
that reduce statistical power without a substantial benefit in Type | error control. Consequently,
some statisticians recommend examining the epsilon value directly, alongside the p-value, or even
automatically applying a conservative correction regardless of Mauchly's test outcome, especially
in complex designs.

5. Consequences of Sphericity Violation

The primary and most critical consequence of violating the sphericity assumption in a repeated-
measures ANOVA is an increased risk of committing a Type | error, commonly known as a false
positive. This means that if sphericity is violated and no correction is applied, the probability of
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incorrectly rejecting a true null hypothesis significantly increases beyond the nominal alpha level
(e.g., 0.05). For instance, an actual alpha of 0.05 might become 0.10 or even higher, leading
researchers to conclude that a significant effect exists when, in reality, there is none.

This inflation of the Type | error rate occurs because the F-statistic in the univariate repeated-
measures ANOVA is derived using degrees of freedom that assume sphericity. When sphericity is
violated, the variability in the data (specifically, the error variance) is underestimated, leading to an
artificially inflated F-value. This larger F-value is then compared against critical F-values derived
from an F-distribution that is inappropriate for the actual data structure. The result is that the
observed F-value is more likely to exceed the critical value, leading to a spurious finding of
statistical significance.

The implications of an inflated Type | error rate are profound for scientific research. False positive
findings can lead to incorrect conclusions, misdirection of future research efforts, and potentially
wasted resources on pursuing non-existent effects. In applied fields like medicine or education, an
uncorrected violation of sphericity could lead to the erroneous endorsement of ineffective
treatments or interventions. Therefore, understanding and appropriately addressing sphericity
violations is not merely a statistical formality but a crucial step in ensuring the integrity and
reliability of research findings derived from repeated-measures designs.

6. Addressing Violations: Epsilon Corrections

When Mauchly's test indicates a significant violation of sphericity, or when researchers opt for a
conservative approach, various adjustments can be applied to the degrees of freedom of the F-test
to correct for the inflation of the Type | error rate. These adjustments rely on an estimate of epsilon
(¢), which quantifies the degree of departure from sphericity. Epsilon ranges from 1 (indicating
perfect sphericity) down to a minimum value of 1/(k-1), where k is the number of repeated
measures. Smaller epsilon values signify greater departures from sphericity.

The most widely used correction is the Greenhouse-Geisser correction (€?). This correction adjusts

both the numerator and denominator degrees of freedom of the F-test by multiplying them by the
estimated epsilon value. The Greenhouse-Geisser epsilon is calculated to provide a more
conservative estimate, particularly when the true sphericity is severely violated. While effective in
controlling the Type | error rate, the Greenhouse-Geisser correction can sometimes be overly
conservative, especially when the true epsilon is close to 1, potentially leading to a reduction in
statistical power and an increased risk of Type Il errors (false negatives).

An alternative correction is the Huynh-Feldt correction (€?). This correction attempts to provide a

less conservative estimate of epsilon, particularly when the true population epsilon is believed to
be greater than 0.75. The Huynh-Feldt epsilon is derived using a slightly different formula that
tends to be less penalizing than Greenhouse-Geisser. As a result, it generally yields larger degrees
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of freedom and, consequently, higher statistical power than the Greenhouse-Geisser correction,
while still effectively controlling the Type | error rate under moderate violations. It is often preferred
when the departure from sphericity is not extreme.

A third, more extreme adjustment is the lower-bound epsilon. This correction sets epsilon to its
minimum possible value, 1/(k-1), regardless of the actual data. This provides the most conservative
correction possible and is rarely used in practice unless the violation of sphericity is exceptionally
severe, or when the Greenhouse-Geisser epsilon is extremely low (e.g., below 0.75), and
researchers prioritize absolute control over Type | error at the expense of considerable power.

Beyond epsilon corrections, another robust approach to handling repeated-measures data without
assuming sphericity is to employ a multivariate ANOVA (MANOVA). MANOVA treats the repeated

measures as multiple dependent variables and directly analyzes the multivariate structure of the
data, thus obviating the need for the sphericity assumption. While MANOVA is robust to sphericity
violations, it may have less statistical power than a univariate ANOVA with appropriate corrections,
particularly when the sphericity assumption is only mildly violated or when the number of repeated
measures is large relative to the sample size. The choice between univariate ANOVA with
corrections and MANOVA often depends on the specific research question, the degree of
sphericity violation, and the sample characteristics.

7. Practical Implications and Best Practices

For researchers conducting studies involving repeated measures, understanding and appropriately
addressing sphericity is a critical aspect of sound statistical practice. When reporting the results of
a repeated-measures ANOVA, it is considered best practice to always report the outcome of
Mauchly's Test of Sphericity, including the W statistic, degrees of freedom, and its associated p-
value. This transparency allows readers to assess the validity of the sphericity assumption in the
reported analysis.

If Mauchly's test indicates a significant violation of sphericity (p < 0.05), researchers should then
apply an appropriate correction to the degrees of freedom. A common guideline for choosing
between Greenhouse-Geisser and Huynh-Feldt corrections is to examine the estimated epsilon
value. If epsilon is relatively close to 1 (e.g., greater than 0.75), the Huynh-Feldt correction is
generally preferred due to its less conservative nature and better preservation of statistical power.
If epsilon is substantially lower (e.g., less than 0.75), the Greenhouse-Geisser correction, being
more conservative, is often recommended to ensure adequate control over the Type | error rate.
Some researchers advocate for always reporting both corrected results, particularly when the
epsilon values are ambiguous or borderline.

Ultimately, the careful consideration of sphericity moves beyond a mere mechanical application of
tests and corrections. It reflects a deeper commitment to the accurate interpretation of statistical

PSYCHOLOGICAL SCALES scales.arabpsychology.com



https://en.wikipedia.org/wiki/Multivariate_analysis_of_variance
https://scales.arabpsychology.com/?p=35454
https://scales.arabpsychology.com
https://scales.arabpsychology.com

Sphericity

findings. Researchers must understand the implications of sphericity for their specific experimental
designs and be prepared to justify their choice of statistical approach--whether it is assuming
sphericity, applying an epsilon correction, or opting for a multivariate analysis--to ensure that their
conclusions are robust and credible. This rigor enhances the overall quality and trustworthiness of
research in fields that frequently employ within-subjects designs.
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