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ORTHOGONAL CONTRASTS

ORTHOGONAL CONTRASTS

Primary Disciplinary Field(s): Statistics, Experimental Design, Analysis of Variance (ANOVA),

Psychometrics

1. Core Definition

Orthogonal contrasts represent a powerful statistical technique utilized primarily within the
context of Analysis of Variance (ANOVA) and regression analysis. Fundamentally, an orthogonal
contrast is a specific type of linear combination of treatment means, designed to test meaningful
hypotheses about the differences between groups or conditions. The defining characteristic of a
set of orthogonal contrasts is their mutual statistical independence; they are non-overlapping, non-
redundant, and unrelated to one another. This independence ensures that the comparisons being
made are distinct, allowing researchers to precisely isolate and examine specific sources of
variation within the data set. The inherent structure of these comparisons dictates that the
information extracted by one contrast is entirely unique from the information extracted by any other
contrast within the same set, leading to highly efficient and interpretable statistical results.

The application of orthogonal contrasts is rooted in the goal of decomposing the overall variation
attributable to a main effect--specifically, the variation summarized by the sum of squares for the
treatment factor ($text{SS} {text{Treatment}}$). When a complete set of orthogonal contrasts is
formulated, the total humber of independent comparisons possible is equal to the degrees of
freedom ($df$) associated with the treatment factor (which is $k-1$, where $k$ is the number of
groups). Crucially, the sum of the individual sums of squares calculated for each orthogonal
contrast must precisely equal the total sum of squares for the treatment effect. This property--the
complete partitioning of the variance--is the mathematical hallmark that grants orthogonal contrasts
their superior analytical power compared to standard post-hoc tests that do not adhere to the
principle of independence.

In practical terms, an orthogonal contrast facilitates the comparison of specific cell averages or
weighted combinations of cell averages. For a set of means ($mu_1, mu_2, dots, mu_k$), a
contrast ($L$) is defined as a linear combination $L = ¢_1mu_1 + ¢c_2mu_2 + dots + ¢_kmu_k$,
where $c_i$ are the contrast coefficients. For this linear combination to qualify as a contrast, the
sum of these coefficients must equal zero ($sum c_i = 0$). This constraint ensures that the
contrast is truly measuring a difference among means rather than simply measuring the overall
magnitude of the means. If two such contrasts, $L_A$ and $L_BS$, are established, they are
defined as orthogonal if the sum of the products of their corresponding coefficients is also zero
($sum c_{Ai} c_{Bi} = 0%). This second condition is the critical requirement for statistical
independence.
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2. Mathematical Foundation and Criteria

The mathematical robustness of orthogonal contrasts stems directly from the principles of linear
algebra and vector spaces, particularly concerning the concept of orthogonality. In statistical
modeling, the $k$ treatment means can be viewed as vectors, and the coefficients defining the
contrasts represent vectors in the space defined by the means. Orthogonality in this context
implies that the vectors representing the comparisons are perpendicular or at right angles to one
another, meaning they share no common information variance. This geometric interpretation
translates directly into statistical independence: knowing the result of one comparison provides
absolutely no information about the expected result of any other orthogonal comparison within the
set.

The stringent mathematical criteria for a set of contrasts to be considered orthogonal involve two
fundamental requirements. First, as noted, the coefficients within any single contrast must sum to
zero, ensuring that the comparison focuses on differences: $sum_{i=1}{k} c_{i} = 0%$. Second, for
any two distinct contrasts, $L_A$ and $L_B$, the orthogonality criterion must be met:
$sum_{i=1}k} c_{Ai} c_{Bi} = 0%. If the sample sizes associated with the means are unequal (a
common occurrence in real-world data), the condition is slightly modified, requiring the sum of the
products of the coefficients weighted by the sample sizes ($n_i$) to be zero: $sum_{i=1}k} n_i
c_{Ai} c_{Bi} = 0%. Satisfying these conditions guarantees that the resulting $F$-tests for each
contrast are statistically independent, simplifying interpretation and managing the overall error rate.

The structure of these comparisons is typically determined before data collection, making them
"planned comparisons.” This preemptive planning is crucial because it allows the researcher to
design comparisons that directly test specific theoretical hypotheses derived from prior research or
established theory, rather than simply exploring all possible pairwise comparisons after an overall
significant $F$-test is found (which is the nature of post-hoc tests like Tukey's HSD or Scheffé's
test). By focusing the analytical power on theoretically meaningful differences, the researcher gains
statistical efficiency and maintains greater control over the probability of committing a Type | error
($alphas).

3. Relationship to Sums of Squares

One of the most profound benefits of utilizing a complete set of orthogonal contrasts lies in their
ability to completely and uniquely partition the Sum of Squares for the Treatment effect
(Btext{SS}_{text{Treatment}}$). In a standard one-way ANOVA, $text{SS} {text{Treatment}}$
guantifies all the systematic variability among the group means. If there are $k$ groups, this
treatment effect has $k-1$ degrees of freedom. A complete set of orthogonal contrasts must
contain exactly $k-1$ mutually orthogonal comparisons.

For each contrast ($L_j$), a specific Sum of Squares for that contrast ($text{SS} {L_j}$) can be
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calculated. The key additive property of orthogonality ensures that:

$$text{SS} {text{Treatment}} = text{SS} {L_1} + text{SS} {L_2} + dots + text{SS} {L {k-1}}$$
Each $text{SS} {L_j}$ represents the variability explained by that specific, targeted comparison,
and importantly, these individual sums of squares are non-overlapping. This partitioning allows the
researcher to isolate precisely which comparisons are contributing significantly to the overall
treatment effect observed in the ANOVA summary table. If the overall ANOVA $F3$-test is
significant, the orthogonal contrasts reveal the underlying structure responsible for that
significance; conversely, even if the overall ANOVA test is non-significant, meaningful, targeted
comparisons might still yield significant results if the overall effect was diluted by irrelevant
comparisons.

This property contrasts sharply with non-orthogonal comparisons, such as all pairwise
comparisons (e.g., comparing Group 1 to Group 2, Group 2 to Group 3, and Group 1 to Group 3,
when only three groups exist). In non-orthogonal sets, the comparisons overlap; for example, the
difference between Group 1 and Group 3 inherently contains information related to the difference
between Group 1 and Group 2, and Group 2 and Group 3. Consequently, the sums of squares
associated with non-orthogonal comparisons would not sum up to $text{SS} {text{Treatment}}$,
and the associated $F$-tests would not be independent, necessitating complex adjustments (like
the Bonferroni correction) to control the family-wise error rate. Orthogonal contrasts eliminate this
problem by ensuring a clean, independent decomposition of the variance.

4. Application in Experimental Design

Orthogonal contrasts are paramount in rigorous experimental design, particularly when the

independent variable is categorical and involves more than two levels (e.g., three different drug
doses, four types of instructional methods). They shift the focus of analysis from general omnibus
testing to the examination of theoretically driven hypotheses. Researchers use orthogonal
contrasts primarily as planned comparisons, meaning the comparisons are defined a priori, before
examining the data. This preemptive specification is critical because it prevents data-mining or
"fishing" for significant results, which can inflate the Type | error rate.

A common application involves testing complex hypotheses in multi-level factor designs. For
instance, if an experiment tests the effects of a control group ($C$), a low-dose treatment ($L$),
and a high-dose treatment ($H$), a complete orthogonal set could be constructed with two
contrasts ($k-1 = 3-1 = 2$). The researcher might define the first contrast ($L_1$) to compare the
average of the two treatment groups against the control group ($text{C}$ vs. $text{(L+H)}/23$),
using coefficients like $(-2, 1, 1)$. The second contrast ($L_2$) would then test the difference
between the low dose and the high dose, ignoring the control group ($text{L}$ vs. $text{H}$), using
coefficients like $(0, 1, -1)$. These two contrasts are mathematically orthogonal, test distinct
theoretical questions, and together partition the entire $text{SS} {text{Treatment}}$.
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Orthogonal contrasts are also essential in designs where factors have quantitative levels (e.g.,
dosage or temperature). In these cases, polynomial contrasts (linear, quadratic, cubic, etc.) are
frequently employed to test for trends in the data. For example, a linear contrast tests whether the
means increase or decrease steadily across the levels, while a quadratic contrast tests for a
parabolic or inverted U-shaped relationship. These polynomial contrasts, when derived from
orthogonal polynomial tables, inherently form an orthogonal set, allowing the researcher to
determine the precise mathematical nature of the relationship between the independent variable
and the dependent measure with statistical independence.

5. Advantages of Orthogonal Contrasts

The primary advantage of using orthogonal contrasts lies in their superior ability to manage the
Family-Wise Error Rate (FWER). Because the individual contrasts are statistically independent,
the probability of obtaining a significant result by chance in one contrast is unrelated to the
probability of obtaining a significant result in another. When using an independent set of tests, the
researcher does not typically need to apply complex error rate adjustments (like Bonferroni or ?
idak corrections) that are necessary for non-orthogonal post-hoc tests. This maintenance of the
nominal alpha level (e.g., $alpha = 0.05%) for each individual test provides greater statistical power
to detect true effects.

Furthermore, orthogonal contrasts enhance the clarity and interpretability of results. Since each
contrast tests a specific, isolated hypothesis, significant findings are immediately interpretable as
evidence supporting that narrow theoretical comparison. Unlike a significant omnibus $F$-test,
which merely indicates that "some difference exists somewhere among the means," orthogonal
contrasts pinpoint exactly where the differences lie and quantify their magnitude independently of
other differences. This structured approach moves beyond mere detection of effects to
sophisticated explanation of the pattern of means.

They also offer maximum efficiency in partitioning variance. By ensuring that all $k-1$ degrees of
freedom are allocated to non-redundant comparisons, the researcher maximizes the information
gained from the experiment relative to the resources invested. This efficient variance
decomposition means that the researcher is utilizing the available error term (Mean Square Error,
$text{MS}_{text{Error}}$) most effectively, leading to more powerful tests of the specific hypotheses
of interest compared to methods that pool variance across overlapping comparisons.

6. Procedures for Generating Orthogonal Sets

While a researcher is free to define any set of coefficients that meet the orthogonality criteria to test
a specific theoretical question, several standard procedures exist for generating complete, ready-
to-use orthogonal sets, particularly when testing common hypotheses or trends. These
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standardized sets provide robust analytical structures and simplify computation, though they may
not always align perfectly with the most nuanced theoretical questions.

Helmert Contrasts: This method compares each level of the factor, except the last, to the mean of
the subsequent levels. For example, with four groups (1, 2, 3, 4), the first contrast compares Group
1 vs. the mean of Groups 2, 3, and 4. The second compares Group 2 vs. the mean of Groups 3
and 4, and so on. Helmert contrasts are often useful when one is interested in sequential
differences or when one level serves as a baseline for the remaining levels.

Simple Contrasts (with adjustment): Simple contrasts compare each level to a single reference
level (e.g., Group 1 vs. Group 4, Group 2 vs. Group 4, etc.). While the standard simple contrasts
are not inherently orthogonal, they can be orthogonalized mathematically using specialized
procedures if required, though typically, simple contrasts are used when the goal is reference-
group comparison rather than independent variance partitioning.

Repeated Contrasts: This method compares adjacent levels of a factor. For four groups (1, 2, 3,
4), the contrasts would be Group 1 vs. Group 2, Group 2 vs. Group 3, and Group 3 vs. Group 4.
Like simple contrasts, repeated contrasts are generally non-orthogonal unless specific weighting is
applied, but they are useful for testing sequential change, such as over time.

Polynomial Contrasts: As mentioned previously, these are used when the independent variable
is quantitative. Tables of orthogonal polynomial coefficients (e.g., for linear, quadratic, cubic, etc.,
trends) are widely available and are automatically orthogonal, provided the levels of the factor are
equally spaced. They allow the researcher to fit increasingly complex functional forms to the data.

7. Limitations and Practical Considerations

Despite their substantial statistical advantages, orthogonal contrasts present certain practical
challenges and limitations. The primary difficulty lies in the requirement that the researcher must
formulate specific, meaningful hypotheses a priori. If the researcher does not have strong
theoretical justification for defining a particular set of comparisons, they may struggle to construct a
complete and meaningful orthogonal set. Using a mathematically convenient but theoretically
meaningless orthogonal set defeats the purpose of the analysis, as the resulting statistical
significance, though precise, will have no substantive scientific interpretation.

Another limitation arises when dealing with unequal sample sizes. While orthogonality can be
maintained with unequal $n$s, the coefficients must be adjusted according to the sample sizes
($n_i$) as defined by the weighted orthogonality condition ($sum n_i c_{Ai} c_{Bi} = 0$). This
adjustment complicates the calculation and interpretation of the coefficients, making the process
less straightforward than in balanced designs where all $n_i$ are equal. Many statistical software
packages can handle these weighted contrasts, but the researcher must be aware of the
underlying mathematical requirements.
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Furthermore, in complex factorial designs (e.g., $2 times 3% or $2 times 2 times 2$ ANOVAS),
constructing orthogonal contrasts for interaction effects can become quite intricate. The interaction
degrees of freedom must also be partitioned orthogonally, requiring the definition of coefficient sets
that are not only orthogonal with respect to the marginal means but also orthogonal across the
factor combinations. Misapplication of orthogonality principles in complex designs can lead to
incorrect conclusions about the independence of the sources of variation. If the researcher's
hypotheses are purely exploratory or involve comparing every possible pair of means without
specific theoretical direction, traditional post-hoc tests, despite their lower power, might be more
appropriate than forcing the data into an artificial orthogonal structure.

Further Reading

Orthogonal contrasts - Wikipedia
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Psychology Dictionary Entry for Orthogonal Contrasts

PSYCHOLOGICAL SCALES scales.arabpsychology.com



https://en.wikipedia.org/wiki/Orthogonal_contrasts
http://www.statistics.com/orthogonal-contrasts/
https://www.statisticshowto.com/orthogonal-contrast/
https://psychologydictionary.org/orthogonal-contrasts/
https://scales.arabpsychology.com/?p=64465
https://scales.arabpsychology.com
https://scales.arabpsychology.com

