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NONORTHOGONAL DESIGN

Primary Disciplinary Field(s): Statistics, Research Methodology, Experimental Design

1. Core Definition and Statistical Foundation

A Nonorthogonal Design refers fundamentally to a factorial research structure--typically

employed in Analysis of Variance (ANOVA) models--wherein the number of observations or items

within the individual cells (groups defined by the intersection of factor levels) are unequal, or where

the cell sizes do not maintain a specific constant of proportionality across the levels of the factors.

This situation stands in direct contrast to Orthogonal Designs, where cell frequencies are equal or

proportional, guaranteeing that the effects of the main factors and their interactions are statistically

independent. In an orthogonal design, the total variance of the dependent variable can be

partitioned uniquely and unambiguously into the variance attributable to Factor A, Factor B, and

the interaction term (A × B), plus error. However, when nonorthogonality exists, the main effects

and interactions become mathematically correlated or confounded, meaning that the variance

associated with one effect overlaps with the variance associated with others.

The mathematical implication of nonorthogonality is that the variance explained by the model is

ambiguous. Because the factors are correlated in the sample, the unique contribution of Factor A

cannot be cleanly separated from the contribution of Factor B, nor from the contribution of the

interaction effect. This confounding prevents the standard, straightforward decomposition of the

Sums of Squares (SS) that is central to basic ANOVA calculations. Consequently, researchers

cannot simply use the common formulas derived for balanced designs; instead, they must rely on

the more complex framework of the General Linear Model (GLM), which uses regression

techniques to estimate parameters and test hypotheses while accounting for these

interdependencies. The degree of correlation between the factors is directly proportional to the

degree of nonorthogonality present in the design.

While the term nonorthogonal design often implies unequal cell sizes, the critical issue is not

merely the inequality itself, but the resulting non-proportionality. If cell sizes are unequal but

maintain a proportional relationship--for instance, if the ratio of n11 to n12 is the same as the ratio

of n21 to n22--the design remains proportional and the confounding is minimized, often allowing for

simpler, if slightly modified, analytical approaches. True nonorthogonality arises when this

proportionality is lost, usually due to arbitrary differences in data collection or subject availability,

forcing statisticians to make critical decisions about how to allocate the shared variance explained

by the overlapping factors, leading to the complex interpretation issues discussed in later sections.

2. Etymology and Historical Development in Experimental Science

The concept of nonorthogonality emerged naturally alongside the development of rigorous
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experimental statistics, particularly following the work of R.A. Fisher in the early 20th century,

which formalized the principles of Design of Experiments. Fisher's foundational designs, such as

the Randomized Block Design and the Latin Square, placed a high value on perfect balance and

orthogonality because these conditions ensured maximum efficiency and provided the clearest

statistical inference by simplifying the underlying mathematics. For decades, the goal of

experimental researchers was to achieve perfect balance, thereby avoiding the analytical

difficulties inherent in nonorthogonal data structures.

However, as research expanded beyond highly controlled agricultural or laboratory settings,

particularly into the fields of psychology, sociology, epidemiology, and market research,

researchers frequently encountered situations where achieving perfect balance was practically or

ethically impossible. Issues such as non-random missing data, subject attrition (differential drop-

out), or the necessity of using naturally existing groups (quasi-experimental designs) meant that

nonorthogonal designs became increasingly common. The rise of observational and survey-based

research further cemented the necessity of robust methods for handling unequal and non-

proportional cell sizes, pushing statistical methodologists to integrate ANOVA concepts within the

broader and more flexible framework of multiple regression analysis.

The need to systematically analyze nonorthogonal data led to the development and

standardization of specific methods for calculating sums of squares, codified primarily in the

statistical software packages that emerged in the latter half of the 20th century. Before powerful

computers could handle the necessary matrix algebra, analysis of nonorthogonal data was

cumbersome and often relied on approximation techniques. The shift toward the GLM framework,

which uses least squares estimation to handle both balanced and unbalanced designs seamlessly,

modernized the approach to nonorthogonality. This evolution allowed researchers to acknowledge

the practical realities of data collection--where perfect balance is an ideal rather than a guarantee--

while still maintaining statistical rigor, provided they carefully justify their analytical choices

regarding variance partitioning.

3. Key Characteristics and Causes of Nonorthogonality

The defining characteristic of nonorthogonality in factorial designs is the existence of unequal cell

frequencies that violate the condition of proportionality. This imbalance means that the sample

sizes associated with different combinations of factor levels vary, introducing a correlation between

the independent variables. This correlation is fundamentally different from confounding caused by

extraneous variables; rather, it is a structural confounding inherent in the sample data itself. For

instance, if a researcher studies the effect of a teaching method (Factor A) and student gender

(Factor B), and finds that in one method group, 80% are female, while in the other method group,

only 30% are female, the factors are correlated, making it impossible to separate the true effect of

the teaching method from the influence of gender without careful adjustment.
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Several common occurrences lead to nonorthogonal structures, especially in applied research

settings. One primary cause is missing data, whether it results from equipment failure, subject

non-compliance, or attrition, particularly when the missingness is not random across treatment

groups (i.e., differential dropout). Another frequent cause is the inclusion of organismic or

naturally occurring variables that cannot be manipulated, such as age, socioeconomic status, or

personality types, which are rarely distributed equally across experimental groups due to

constraints in sampling or population characteristics. For example, recruiting equal numbers of

subjects across all combinations of rare disease status and geographical location is virtually

impossible, guaranteeing a nonorthogonal structure.

Furthermore, logistical constraints, budgetary limitations, or even simple researcher error during

data collection can contribute to unequal and non-proportional cell sizes. When researchers utilize

convenience sampling or are forced to recruit participants based on availability, the resulting

sample distribution often reflects the underlying availability biases rather than a planned, balanced

design. Regardless of the cause--be it accidental missingness or inherent population structure--the

consequence is the same: the factors are related in the observed data, demanding specialized

methods for hypothesis testing and parameter estimation that explicitly address the ambiguity

introduced by this structural correlation between predictors.

4. Analytical Challenges in Nonorthogonal Factorial Designs

The central analytical dilemma posed by nonorthogonal designs revolves around the

decomposition of the Sums of Squares (SS). Because factors A and B overlap in their ability to

explain variance, a portion of the total SS is shared between them. The researcher must decide

how to partition this shared variance when testing hypotheses, leading to the establishment of

different methodological approaches known as Type I, Type II, and Type III sums of squares, each

representing a different philosophical approach to dealing with the shared variance. The choice

among these types can drastically alter the outcomes of significance tests (p-values) and the

interpretation of main effects and interactions, highlighting the complexity of inference in these

designs.

Type I Sums of Squares (Sequential SS) calculates the SS for each effect sequentially, based on

the order in which the terms are entered into the statistical model. Factor A is tested first,

accounting for all variance it explains; Factor B is then tested, accounting for the variance it

explains *above and beyond* what A already explained; and finally, the Interaction is tested,

accounting for the unique variance remaining. The crucial implication is that the results are entirely

dependent on the order of entry. If the order were reversed (B, then A), the SS attributed to A and

B would change, especially concerning the shared variance. Type I is generally used when there is

a strong theoretical or temporal justification for ordering the factors hierarchically.
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Type III Sums of Squares (Marginal or Unique SS), conversely, tests the effect of each factor (A,

B, and A × B) after adjusting for all other terms in the model, including the interaction. This

approach is often favored in experimental contexts because it tests the unique contribution of each

effect, effectively treating the cell means as equally important (unweighted means). It provides a

measure of what the effect would be if the cell sizes were balanced, which aligns well with

standard experimental hypotheses. However, Type III is often the most conservative test because

the overlapping variance is generally left unexplained, and it can sometimes lead to lower

statistical power if cell sizes are vastly disparate.

Type II Sums of Squares (Partial SS) offers a compromise. It tests the main effect of a factor (A)

adjusted for the other main effect (B), but *not* adjusted for the interaction (A × B). In essence, it

assumes that if the interaction is not significant, the researcher is interested in the simple additive

effects of the main factors. Type II is frequently used when main effects are of primary interest and

the interaction is deemed negligible, offering a balance between Type I's dependence on ordering

and Type III's high level of adjustment. The judicious choice among Type I, II, and III is one of the

most significant statistical decisions facing researchers utilizing nonorthogonal data analysis.

5. Methods for Analyzing Nonorthogonal Data

The accepted methodology for analyzing data from nonorthogonal designs relies heavily on the

General Linear Model (GLM) framework, typically implemented using multiple linear regression.

Instead of relying on hand calculations and formulas specific to balanced ANOVA, the GLM

approach models the relationship between the dependent variable and the independent factors

using dummy coding (or indicator variables) to represent the different factor levels. This

regression-based approach inherently accounts for the correlations among predictors, allowing the

statistician to calculate the unique and shared contributions to the variance explained, depending

on the specific sums of squares type chosen (Type I, II, or III).

One crucial analytical consideration is the choice between weighted means and unweighted means

analysis. When using Type I or Type II sums of squares, the analysis often defaults to procedures

that incorporate the actual cell sample sizes (ni) when estimating means and calculating error

terms--this is referred to as weighted means analysis. Weighted means estimates reflect the

effects as they exist in the specific sample population from which the data were drawn, meaning

that cells with larger samples exert a greater influence on the overall factor estimates. This is

appropriate if the sample distribution accurately reflects the true population distribution and the

hypothesis relates to population parameters.

Conversely, when researchers employ Type III sums of squares, they are usually interested in

what the effects would be if the design had been balanced, thereby testing hypotheses about

underlying theoretical effects that are independent of the observed sample size imbalance. This

ARABPSYCHOLOGY.C
OM

https://www.statisticshowto.com/general-linear-model/
https://scales.arabpsychology.com/?p=62581
https://scales.arabpsychology.com
https://scales.arabpsychology.com


NONORTHOGONAL DESIGN 6

PSYCHOLOGICAL SCALES scales.arabpsychology.com

necessitates an unweighted means analysis, where all cell means are treated equally,

regardless of their n value. This approach is particularly relevant in experimental contexts where

the researcher wants to generalize treatment effects across theoretical population subgroups,

rather than simply describing the specific, potentially biased, sample at hand. Modern statistical

software packages allow the researcher to select which type of means weighting, and

consequently, which type of sums of squares calculation, is used, forcing an explicit

methodological choice that must be justified theoretically.

6. Significance and Practical Applications

Nonorthogonal designs are highly significant because they reflect the unavoidable reality of data

collection in complex, real-world settings, particularly within the social, behavioral, and medical

sciences. While orthogonal designs are the ideal standard for laboratory experiments aiming for

maximum internal validity and statistical power, nonorthogonal designs are often the only feasible

option when external validity and generalizability are prioritized. For instance, in longitudinal

studies or clinical trials, subject drop-out is inevitable, leading to unequal cell sizes across time

points or treatment arms. The ability to analyze these nonorthogonal data structures allows

researchers to derive meaningful conclusions from observational data where factors like gender,

age, or pre-existing conditions naturally correlate with treatment exposure or outcome.

Furthermore, nonorthogonality is central to the analysis of quasi-experimental designs, where

researchers study the effects of treatments or interventions administered to pre-existing, non-

random groups. In educational research, for example, comparing the performance of students in

two different schools that naturally vary in resources and student demographics will inevitably

result in a nonorthogonal design. The sophisticated statistical methods developed to handle these

imbalances, such as complex multiple regression and covariance structures, allow the field to

move beyond simplistic, highly controlled laboratory settings into ecologically valid environments,

greatly expanding the scope and relevance of empirical findings.

The development of robust nonorthogonal analysis techniques ensures that valuable data collected

under difficult or naturalistic circumstances are not discarded simply because they lack perfect

balance. By providing researchers with tools to adjust for correlation among factors, nonorthogonal

analysis ensures that biases introduced by unequal sample sizes are minimized, thereby

increasing confidence in the estimated effects. The primary significance lies in extending the reach

of inferential statistics to scenarios where perfect experimental control--the hallmark of

orthogonality--is neither practical nor possible, thus bridging the gap between theoretical modeling

and applied data analysis.

7. Debates and Criticisms Regarding Interpretation
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Despite the necessity of nonorthogonal analysis, the framework is subject to considerable debate,

primarily centered on the ambiguity of interpretation stemming from the choice of sums of squares.

Critics argue that forcing researchers to choose among Type I, II, or III SS introduces a subjective

element into what should be an objective statistical process. The fact that the conclusion regarding

the significance of a main effect can change simply by selecting a different partitioning strategy

(e.g., Type I vs. Type III) challenges the transparency and replicability of the findings. This issue is

particularly problematic when the degree of nonorthogonality is high, resulting in a large amount of

shared variance between the factors.

Another major criticism relates to the fundamental issue of causality. In nonorthogonal designs, the

correlation between factors means that the design is statistically closer to a correlational study than

a pure experiment. Even when the factors themselves are manipulated, the unequal cell sizes

introduce a systematic non-random element. While GLM methods allow for adjustment, they

cannot fully eliminate the possibility that the apparent effect of Factor A is actually being driven by

its correlation with Factor B, especially if B is an unobserved or poorly measured confounding

variable that contributes to the unequal sampling. Therefore, causal inference drawn from

nonorthogonal factorial designs must be treated with greater caution than inferences derived from

perfectly balanced, randomized experiments.

Finally, nonorthogonal designs often suffer from reduced statistical power compared to their

orthogonal counterparts, particularly when the cell size variances are substantial. Reduced power

increases the risk of committing a Type II error--failing to detect a true effect. Furthermore, the

selection of Type III sums of squares, which specifically isolates the unique variance explained by

each factor, can be overly conservative, further contributing to power loss. Researchers using

nonorthogonal designs must therefore dedicate extra effort to justify their choice of analytical

method and to acknowledge the inherent limitations and interpretive complexities imposed by the

structure of their sample data.

Further Reading

General Linear Model (GLM) - Wikipedia

Analysis of Variance (ANOVA) - Wikipedia
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