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Expected Value

Primary Disciplinary Field(s): Probability Theory, Statistics, Decision Theory, Economics,
Finance, Actuarial Science

1. Core Definition

The expected value, often denoted as E or p (mu), is a fundamental concept in probability theory
and statistics that represents the long-run average value of a random variable over a large number
of repetitions of an experiment. It is, in essence, a weighted average of all possible values that a
random variable can take, where each value is weighted by its probability of occurrence. This
concept provides a single, representative number that summarizes the central tendency of a
probability distribution, offering insight into what one can "expect" to happen on average, even if
that exact value itself is not one of the possible outcomes. It is not necessarily the most likely
outcome, nor is it a value that the random variable is guaranteed to take in any single trial; rather, it
describes the theoretical mean over an infinite number of trials.

In practical terms, the expected value serves as a crucial tool for making informed decisions under
conditions of uncertainty. For instance, if an experiment, such as playing a game or investing in a
project, were to be repeated many times, the average outcome observed over those repetitions
would converge towards the expected value. This convergence is formally underpinned by the Law
of Large Numbers, which postulates that as the number of trials increases, the sample mean of the
outcomes approaches the true expected value of the random variable. This principle makes the
expected value indispensable across a multitude of disciplines, from gambling and insurance to
finance and scientific research, where it helps quantify risk and potential returns.

Unlike the median, which represents the middle value in a dataset, or the mode, which is the most
frequent value, the expected value takes into account the full range of possible outcomes and their
respective likelihoods. This comprehensive approach means that rare but extreme outcomes can
significantly influence the expected value, even if they occur infrequently. Understanding the
expected value is therefore critical for a holistic assessment of any probabilistic scenario, allowing
for a more nuanced interpretation of potential results beyond mere individual probabilities or single
most probable events. It embodies a predictive quality, offering a quantitative basis for anticipating
aggregate behavior.

2. Etymology and Historical Development

The concept of expected value has its roots in the mid-17th century, emerging from the burgeoning
interest in probability theory, particularly in the context of games of chance. Early pioneers such as
the French mathematicians Blaise Pascal and Pierre de Fermat are credited with laying the
groundwork for probability theory through their correspondence in 1654. Their discussions were
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prompted by a question from the gambler Chevalier de Méré regarding the fair division of stakes in
an interrupted game of dice, a problem that necessitated a method for calculating the "value" of
future, uncertain outcomes. This quest for a fair division led directly to the foundational ideas
behind expected value, as they sought to quantify the worth of a player's position based on their
probabilities of winning.

Following Pascal and Fermat, the Dutch mathematician Christiaan Huygens published "De
ratiociniis in ludo aleae" (On Reasoning in Games of Chance) in 1657, which is often considered
the first formal treatise on probability. In this work, Huygens explicitly introduced the concept of
"expectation" as a precise mathematical quantity. He defined the expectation of a game as the
sum of the products of each possible gain and its probability. Huygens' formulation was remarkably
close to the modern definition of expected value for discrete random variables, providing a clear
method for calculating the "fair price"” of a gamble or the "value" of a future event based on
probabilities. His work was instrumental in formalizing these nascent probabilistic ideas and
disseminating them among the wider scientific community.

Over the subsequent centuries, the concept of expected value was further developed and refined
by numerous mathematicians, including Jacob Bernoulli, who introduced the Law of Large
Numbers in his posthumously published "Ars Conjectandi” (The Art of Conjecturing) in 1713. This
law provided a rigorous justification for the interpretation of expected value as a long-run average.
Later, mathematicians like Pierre-Simon Laplace expanded the scope of probability theory and its
applications, solidifying the expected value as a cornerstone of the discipline. Its evolution reflects
the broader historical trajectory of probability theory from a tool for analyzing games to a
sophisticated framework for understanding uncertainty in science, economics, and decision-
making.

3. Mathematical Formulation

The mathematical formulation of expected value depends critically on whether the random variable
in question is discrete or continuous. For a discrete random variable, which can only take on a
finite or countably infinite number of distinct values, the expected value is calculated as the sum of
each possible value of the variable multiplied by its corresponding probability. This represents a
weighted average, where the weights are the probabilities of each outcome. The formula
encapsulates the idea that more probable outcomes contribute more significantly to the overall
average, reflecting their higher likelihood of occurrence in the long run.

Discrete Random Variables

For a discrete random variable X that can take values x1, x2, ..., xn, with corresponding
probabilities P(X=x1), P(X=x2), ..., P(X=xn), the expected value E is given by the formula:
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E = Zi xi * P(X=xi)

Here, the summation (Z) extends over all possible values that the random variable X can assume.
This formula is intuitive: each potential outcome's magnitude is scaled by how likely it is to occur,
and these scaled values are then summed up. This direct approach makes the calculation of
expected value for discrete distributions straightforward, provided all possible outcomes and their
probabilities are known. It highlights how the expected value is a direct consequence of the shape
and characteristics of the probability mass function.

Continuous Random Variables

For a continuous random variable, which can take any value within a given range, the
summation is replaced by integration. Instead of discrete probabilities, we use a probability density
function (PDF), denoted as f(x). The PDF describes the relative likelihood for a continuous random
variable to take on a given value, such that the probability of the variable falling within a certain
interval is given by the integral of the PDF over that interval. The transition from summation to
integration is a natural extension, treating the continuous range of values as an infinite collection of
infinitesimally small probability contributions.

For a continuous random variable X with a probability density function f(x), the expected value E is
given by the formula:

E = [-o000 X * f(X) dX

This integral calculates the "area under the curve" of the product of the variable's value and its
probability density across all possible values from negative infinity to positive infinity. Conceptually,
it remains a weighted average, but the weighting is performed continuously across the entire
domain of the random variable. The existence of this integral, and thus the expected value,
depends on the convergence of the integral, which is not always guaranteed for all probability
distributions, leading to cases where the expected value might be undefined or infinite.

4. Key Properties and Characteristics

The expected value possesses several crucial properties that simplify calculations and make it a
powerful analytical tool. One of the most important is the linearity of expectation. This property
states that the expected value of a sum of random variables is equal to the sum of their individual
expected values, regardless of whether the variables are independent or dependent.
Mathematically, for any two random variables X and Y, and any constants a and b, E = aE + bE.
This linearity extends to any finite number of random variables, making it incredibly useful for
breaking down complex problems into simpler, manageable components.
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Another fundamental characteristic is that the expected value of a constant is the constant itself.
That is, if ¢ is a constant, then E = c. Furthermore, if a random variable is multiplied by a constant,
its expected value is also multiplied by that constant: E = cE. These properties, combined with
linearity, form the backbone of many derivations and calculations in probability and statistics. They
allow analysts to manipulate expected values algebraically, simplifying the process of finding the
mean of transformed random variables or combinations of different outcomes without needing to
re-derive the entire probability distribution.

It is important to understand that the expected value is a single number, a parameter of the
probability distribution, not a random variable itself. It represents a theoretical average. While the
expected value provides a measure of central tendency, it does not convey information about the
spread or variability of the distribution. For that, other measures like variance or standard deviation
are required. Moreover, the expected value does not necessarily have to be one of the possible
outcomes of the random variable. For instance, the expected value of the number of children in a
family might be 2.3, even though no family can have exactly 2.3 children. This highlights its nature
as a theoretical average rather than an actual observation.

5. Practical Applications Across Disciplines

The expected value is an indispensable concept with wide-ranging applications across numerous
scientific, economic, and practical disciplines. In the realm of actuarial science and insurance,
expected value is fundamental to pricing policies. Insurance companies calculate the expected
value of claims for different types of policies (e.qg., life insurance, car insurance) to determine the
premiums they must charge to cover anticipated payouts and generate a profit. By assessing the
probability of various events (accidents, illnesses, deaths) and the associated costs, actuaries can
ensure the long-term solvency and profitability of their underwriting activities. The expected value
helps them understand the aggregate financial burden of future contingencies.

In finance and economics, expected value plays a crucial role in investment analysis and
decision-making under uncertainty. Investors use expected value to assess the potential return of
various assets or portfolios, weighting possible future outcomes by their probabilities. For example,
the expected return of a stock is calculated by considering different market scenarios (e.g., bull
market, bear market, stagnant market) and their respective probabilities, along with the expected
return of the stock in each scenario. This allows for a quantitative comparison of different
investment opportunities, helping to inform portfolio construction and risk management strategies.
It is also central to theories like expected utility theory, which extends expected value to account
for an individual's risk aversion.

Decision theory heavily relies on expected value, particularly in structured decision-making
processes. When faced with multiple choices, each with uncertain outcomes, decision-makers can
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calculate the expected value of each alternative to identify the option that offers the greatest long-
term benefit or lowest long-term cost. This is widely applied in business strategy, project
management, and public policy, where the consequences of decisions are often probabilistic.
Furthermore, in gambling and game theory, expected value is the primary metric for evaluating
the fairness or profitability of a game. A game is considered "fair" if its expected value is zero,
indicating no long-term advantage for either the player or the house. Casinos, of course, design
games with a slightly negative expected value for the player, ensuring long-term profitability for the
house.

Beyond these fields, expected value is also vital in engineering for reliability analysis, in medical
research for evaluating treatment efficacy (e.g., expected life years gained), and in environmental
science for assessing the expected impact of policies or events. In computer science, especially
in algorithms and artificial intelligence, expected values are used in analyzing the average-case
performance of algorithms or in reinforcement learning to estimate the value of actions or states.
Its ubiquitous presence underscores its fundamental importance as a universal language for
guantifying and reasoning about uncertainty in complex systems.

6. lllustrative Examples

One of the simplest yet most illustrative examples of expected value comes from the realm of dice
rolling, as highlighted in the provided source content. Consider the expected value of rolling a
standard six-sided die. The possible outcomes are 1, 2, 3, 4, 5, and 6. Each outcome has an equal
probability of 1/6.

P(X=1) = 1/6
P(X=2) = 1/6
P(X=3) = 1/6
P(X=4) = 1/6
P(X=5) = 1/6
P(X=6) = 1/6

Using the formula for discrete random variables, E = X xi * P(X=xi):
E=(1*1/6) +(2*1/6) + (3*1/6) + (4 * 1/6) + (5 * 1/6) + (6 * 1/6)
E=(1/6)*1+2+3+4+5+6)

E = (1/6) * 21

E=35

The expected value of rolling a single die is 3.5. This value is not an outcome that can actually be
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rolled, yet it represents the long-run average. If one were to roll a die an infinite number of times,
the average of all the results would approach 3.5.

Expanding on the original example provided: "if you are rolling one die, the odds are 1 in 6 that you
will roll a 1. Mathematically this computes to a 16.67% chance of rolling a 1 (1/6 = 0.1667).
Expanding this to 100 throws, you would normally expect to roll a 1 approximately 16 or 17 times
(100 * 1/6 = 16.67). This is the expected value of rolling a 1 on a die over 100 throws." Here, the
random variable is the number of times a '1' is rolled in 100 throws. If we define a Bernoulli random
variable Y for a single roll, where Y=1 if a 1 is rolled and Y=0 otherwise, then E = 1*(1/6) + 0*(5/6)
= 1/6. For 100 throws, the expected number of 1s would be 100 * E = 100 * (1/6) = 16.67. This
clarifies the "expected value of rolling a 1 one on a die" phrasing from the source text,
demonstrating how expected value applies to the count of specific outcomes over multiple trials.

Another compelling example arises in the context of a lottery. Suppose a lottery ticket costs $2,
and there's a 1 in 1,000,000 chance of winning a $5,000,000 prize, and a 1 in 100,000 chance of
winning a $100 prize, with all other tickets winning nothing. Let X be the net winnings from buying
one ticket.

Win $5,000,000: Net winnings = $4,999,998 (Prize - Cost) | Probability = 1/1,000,000

Win $100: Net winnings = $98 (Prize - Cost) | Probability = 1/100,000

Win $0: Net winnings = -$2 (Cost) | Probability = 1 - (1/1,000,000 + 1/100,000) = 1 - (1/1,000,000 +
10/1,000,000) =1 - 11/1,000,000 = 999,989/1,000,000

E = ($4,999,998 * 1/1,000,000) + ($98 * 1/100,000) + (-$2 * 999,989/1,000,000)
E = $4.999998 + $0.00098 - $1.999978
E =$3.00

In this hypothetical lottery, the expected net winnings are approximately $3.00. This positive
expected value suggests that, in the long run, a player could expect to make money by playing this
specific lottery, which is highly unusual for real-world lotteries that are designed to have a negative
expected value for players to ensure profit for the organizers. This example clearly demonstrates
how expected value calculates the average financial outcome of a probabilistic event.

7. Distinction from Related Concepts

While the expected value provides a measure of the central tendency of a random variable, it is
crucial to distinguish it from other related statistical concepts, particularly the median and the
mode. The mode of a distribution is the value that appears most frequently in a dataset or the
value at which the probability mass function (for discrete variables) or probability density function
(for continuous variables) achieves its maximum. It represents the most common outcome. The
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median, on the other hand, is the middle value in a dataset when ordered from least to greatest,
dividing the distribution into two equal halves such that 50% of the observations fall below it and
50% fall above it.

The key difference lies in how these measures handle the shape of the distribution, especially
asymmetry or "skewness." For symmetric distributions (like the normal distribution), the mean
(expected value), median, and mode are often identical or very close. However, for skewed
distributions, these measures can diverge significantly. For example, in a right-skewed distribution
(where the tail is longer on the right, indicating a few very high values), the mean (expected value)
will typically be greater than the median, which in turn will be greater than the mode. This is
because the expected value is highly sensitive to extreme values, pulling it in the direction of the
longer tail, whereas the median is robust to outliers.

Furthermore, the expected value should not be confused with the concept of expected utility.
While expected value measures the average outcome in terms of objective monetary or numerical
value, expected utility theory (developed by Bernoulli and later formalized by von Neumann and
Morgenstern) postulates that individuals make decisions based on the expected value of the utility
they derive from outcomes, rather than the expected value of the outcomes themselves. Utility is a
subjective measure of satisfaction or happiness. For a risk-averse individual, the utility derived
from an additional dollar might decrease as their wealth increases, meaning that a sure gain of
$100 might be preferred over a gamble with an expected monetary value of $100 but significant
risk. This distinction is vital in decision theory and behavioral economics, where subjective
preferences and risk attitudes play a significant role.

8. Limitations and Criticisms

Despite its widespread utility, the expected value has several limitations and is subject to
criticisms, particularly when applied uncritically to real-world decision-making. One significant
limitation is its inability to account for risk aversion or risk-seeking behavior. The expected value
framework implicitly assumes that decision-makers are risk-neutral, meaning they are indifferent
between a sure outcome and a gamble with the same expected value. However, in reality,
individuals' preferences for risk vary widely. Most people exhibit risk aversion, preferring a sure
gain over a risky one with the same expected value, especially for large sums of money. This is
where expected utility theory offers a more nuanced approach by incorporating individual utility
functions.

Another criticism arises from situations where the expected value can be infinite or undefined.
The classic example is the St. Petersburg Paradox. In this theoretical game, a fair coin is tossed
until heads appears for the first time. If heads appears on the first toss, you win $2; if on the
second, $4; if on the third, $8, and so on (2n dollars if heads appears on the n-th toss). The
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expected value of playing this game is calculated as:
E=(1/2*%2)+ (1/4*$4) + (1/8 * $8) + ...
E=$1+3$1+$1+..=0

According to the expected value criterion, one should be willing to pay any finite amount to play
this game, as the expected winnings are infinite. However, most people would not pay a large sum
to play, illustrating a disconnect between theoretical expected value and practical human decision-
making. This paradox highlights that expected value alone may not be a sufficient guide for
decisions involving very low-probability, high-impact events or when the range of possible
outcomes is unbounded.

Furthermore, the expected value provides only a measure of central tendency and does not
convey information about the dispersion or variability of outcomes. Two different scenarios
could have the exact same expected value, but one could be very risky (with high potential gains
and losses) while the other is very stable (with outcomes clustered closely around the expected
value). For example, a lottery with a tiny chance of winning millions and a high chance of losing a
small amount might have the same expected value as a bond with a modest, almost certain return.
A decision-maker interested in risk management would require additional metrics like variance or
standard deviation to differentiate between these scenarios.

Finally, the calculation of expected value relies on accurately knowing the probabilities of all
possible outcomes. In many real-world situations, these probabilities are not precisely known but
must be estimated, often with considerable uncertainty. Errors in probability estimation can lead to
significantly inaccurate expected values and, consequently, suboptimal decisions. Behavioral
economics also offers critiques, such as Prospect Theory, which suggests that people evaluate
outcomes as gains or losses relative to a reference point and exhibit different risk attitudes for
gains versus losses, systematically deviating from expected value maximization. These limitations
underscore the need for a comprehensive understanding of statistical tools and human psychology
when applying expected value in complex contexts.

Further Reading
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