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DISCRIMINANT FUNCTION

DISCRIMINANT FUNCTION

Primary Disciplinary Field(s): Statistics, Multivariate Analysis, Machine Learning, Data Science,
Psychometrics

1. Core Definition

The Discriminant Function is a foundational statistical technique primarily used for classification
and dimensionality reduction within the field of multivariate analysis. Fundamentally, it involves the
construction of a linear or quadratic equation--the discriminant function itself--which best separates
two or more classes (or groups) of observations. The objective is to derive a set of weights for the
independent variables (predictors) such that the resulting score maximizes the ratio of between-
group variance to within-group variance. This optimization ensures that the classes are maximally
distinct in the resulting low-dimensional space. The output of the function, known as the
discriminant score, allows researchers to predict which group a new, unclassified observation is
most likely to belong to, based on its characteristics across the measured variables. This
methodology is particularly powerful when dealing with datasets where the dependent variable is
categorical (nominal) and the independent variables are continuous (interval or ratio scale).

Mathematically, if there are $k$ groups and $p$ predictor variables, the discriminant function $D$
for a specific observation $i$ is calculated as a linear combination: $D_i =w_1x {i1} + w_2x_{i2} +
dots + w_px_{ip} + c$, where $w$ represents the discriminant weights (coefficients) and $x$
represents the predictor variables. The determination of these optimal weights is typically achieved
through techniques like maximizing Fisher's criterion. The technique provides a robust mechanism
for reducing the complexity of a classification problem; instead of comparing observations across
$p$ separate dimensions, they are compared along a single, maximally differentiating dimension
(or $k-1% dimensions if $k>2$). The ultimate goal, as stated in the basic definition, is to minimize
the probability of error when assigning an item to its correct category.

When the analysis involves only two groups, the procedure is known as Two-Group Discriminant
Analysis (TGDA). When three or more groups are involved, it is called Multiple Discriminant
Analysis (MDA). In MDA, $G-1$ (where $G$ is the number of groups) discriminant functions can
theoretically be extracted, though typically only the first one or two functions, which account for the
majority of the variance separation, are retained for interpretation and classification purposes.
These functions form canonical variates, which are uncorrelated linear combinations of the
predictors that maximize group separation. The validity of the entire procedure rests upon several
statistical assumptions, including multivariate normality of the predictors within each group and the
equality of covariance matrices across groups (homoscedasticity), which ensure the stability and
reliability of the calculated coefficients.
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2. Etymology and Historical Development

The concept of the discriminant function traces its origins back to the mid-20th century,
emerging primarily from the work of renowned statistician Sir Ronald Aylmer Fisher. Fisher first
formalized the linear discriminant function in 1936 in his seminal paper, "The Use of Multiple
Measurements in Taxonomic Problems." Fisher's initial goal was rooted in biological classification--
specifically, differentiating between three species of Iris flowers based on measurements of their
sepals and petals. He sought a single linear combination of these four measurements that would
provide the maximum separation between the means of the groups. This early work laid the
mathematical foundation for the technique by introducing the concept of maximizing the ratio of
between-group variance to within-group variance, a fundamental principle now universally known
as Fisher's linear discriminant.

Following Fisher's foundational contribution, the technique was expanded and formalized into a
broader statistical framework known as Discriminant Function Analysis (DFA). Subsequent
developments in the post-WWII era, particularly driven by advances in computational capacity,
allowed researchers to apply DFA to more complex, multi-group problems (MDA). Statisticians like
C.R. Rao and T.W. Anderson contributed significantly to establishing the formal theory, particularly
concerning the statistical tests associated with the discriminant functions (e.g., Wilk's Lambda) and
the necessary assumptions for robust classification. The technique quickly gained traction across
various disciplines, including psychology, where it was used for clinical diagnosis and personality
classification, and business, where it became integral to credit scoring and market segmentation,
demonstrating its immediate utility in applied fields.

In contemporary data science and machine learning, Discriminant Function Analysis, often
specifically referred to as Linear Discriminant Analysis (LDA), serves as both a classification tool
and a powerful method for feature extraction. While often considered a classical method and
sometimes overshadowed by newer, non-linear classification methods like Support Vector
Machines (SVMs) or deep neural networks, LDA remains highly valued for its simplicity,
mathematical elegance, interpretability, and effectiveness in situations where the underlying data
distributions meet the linearity and normality assumptions. The evolution from Fisher's original
taxonomic problem to modern high-dimensional data analysis highlights the enduring utility of
deriving optimal linear boundaries for categorization.

3. Key Characteristics and Assumptions

A key characteristic distinguishing Discriminant Function Analysis (DFA) from other multivariate
techniques, such as Multiple Regression, is the fundamental nature of the dependent variable. In
DFA, the criterion variable is always categorical (nominal), representing the predefined groups or
classes (e.g., successful project/failed project, low-risk/high-risk borrower, consumer segment
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X/Y). Conversely, the predictor variables must be continuous or approximately continuous,
allowing for the precise calculation of means, variances, and covariance matrices necessary for
achieving maximum group separation. The resultant discriminant function is defined by its
canonical correlation, which measures the strength of association between the function and the set
of group membership indicators; thus, higher canonical correlations indicate better differentiation
achieved by the derived function.

The effective application and accurate interpretation of DFA rely heavily on meeting specific
underlying statistical assumptions. First, the data should exhibit multivariate normality, meaning
that the distribution of the independent variables for each group must jointly follow a multivariate
normal distribution. While moderate deviations are often tolerated, severe violations, particularly
non-linearity or extreme skewness, can significantly compromise the stability of the classification
coefficients and the reliability of statistical tests. Second, and arguably the most crucial assumption
for the linear form of the discriminant function, is the homogeneity of variance-covariance
matrices (or homoscedasticity). This mandates that the dispersion and correlation of the predictor
variables must be roughly equal across all the predefined groups; this ensures that a single,
consistent set of weights (the linear function) can optimally separate all groups.

Furthermore, DFA inherently assumes linearity, meaning the relationship between the predictors
and the discriminant space is best modeled by a straight line or hyperplane. The technique is
designed to find the best linear boundary. If the true group boundaries are significantly curved or
non-linear, the performance of LDA will suffer greatly, necessitating the use of alternatives such as
Quadratic Discriminant Analysis (QDA) or non-linear classifiers. The interpretability of the results is
another central characteristic; DFA provides easily understandable coefficients that indicate the
relative contribution of each predictor variable to the separation of the groups. Variables with larger
standardized coefficients or canonical structure coefficients are considered stronger discriminators,
allowing researchers to substantively interpret the meaning of the underlying dimensions of group
difference.

4. Classification Methods and Output Metrics

Once the discriminant functions (the canonical variates) have been derived and tested for
statistical significance, the primary utility of the technique shifts to classification. The classification
phase uses the functions to assign new or held-out observations to the group that possesses the
highest probability of membership. This assignment is based on calculating the observation's
discriminant score and then determining its proximity to the group centroids in the multidimensional
discriminant space. The group centroid is simply the mean discriminant score for all observations
belonging to that specific group. The most common classification rule employs the Mahalanobis
distance, which measures the distance from the observation to each group centroid, taking into
account the correlation structure and variance of the variables. The observation is then rigorously
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assigned to the nearest group based on this metric.

The overall effectiveness and predictive power of the discriminant function are assessed using
several key output metrics. The most critical, practical metric is the classification accuracy rate,
which is typically summarized in a confusion matrix (or classification matrix). This matrix displays
the number of observations correctly classified into their actual group (true positives and true
negatives, or hits) versus those incorrectly classified (false positives and false negatives, or
misses/errors). High overall accuracy and low rates of misclassification are necessary indicators of
a good, robust model. However, overall accuracy must be interpreted cautiously, often compared
against the proportional chance criterion, which represents the classification accuracy that would
be achieved purely by chance.

Another crucial metric is Wilk's Lambda, which serves as an inverse measure of the discriminating
power in the model. Wilk's Lambda is used to test the statistical significance of the discriminant
functions and ranges from 0 to 1. Values closer to O indicate that the group means are highly
differentiated by the functions, implying strong separation power and high statistical significance.
Conversely, values near 1 suggest that the group means are approximately equal, meaning the
predictor variables are poor discriminators. In addition to these statistical tests, the interpretation of
the model relies heavily on the standardized canonical discriminant function coefficients and the
structure coefficients, which help researchers understand the relative importance and correlation of
each original predictor variable with the latent discriminant dimensions, offering substantive, rather
than merely predictive, insights.

5. Applications Across Disciplines

The versatility and high interpretability of the discriminant function have cemented its place as a
standard classification tool across numerous applied fields where the goal is to categorize
observations based on continuous measurements. In Psychology and Clinical Research, DFA is
frequently employed to distinguish between complex clinical populations. For instance, researchers
might use continuous scores from psychological assessments, cognitive tests, and neurobiological
variables to classify patients into distinct diagnostic categories, such as differentiating between
individuals suffering from various subtypes of depression, anxiety disorders, or personality
disorders. The resulting function can assist in validating diagnostic criteria and establishing
objective, statistically-driven classification rules based on quantitative data.

In the world of Finance and Business, one of the most historical and impactful applications is in
credit risk assessment and corporate financial distress prediction. Edward Altman's Z-Score model,
developed in the late 1960s, is perhaps the most famous example, utilizing Multiple Discriminant
Analysis (MDA) to predict corporate bankruptcy. The Z-Score is essentially a discriminant score
derived from five key financial ratios. This function assigns a company to either the "solvent" or
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"bankrupt" category based on where its score falls relative to the statistically determined cut-off
point. This classic application demonstrates the technique's immense power in transforming
complex, multidimensional financial data into a simple, quantitative classification decision, thereby
minimizing the probability of lending error for financial institutions.

Furthermore, DFA is crucial in Ecology and Biology for species classification and habitat
analysis, mirroring Fisher's original intent. Researchers use morphological measurements (e.g.,
skull length, bone density) or environmental variables (e.g., soil composition, temperature regimes)
to classify specimens or sites into predefined groups (e.g., species, subspecies, or distinct
ecosystem types). In Marketing Research, the technique plays a vital role in consumer
segmentation. Marketers apply DFA to classify customers into behavioral segments based on a set
of continuous measures, such as attitude scores towards products, frequency of purchase, or
psychographic profiles. This targeted segmentation allows companies to optimize marketing
strategies and resource allocation, efficiently satisfying the core statistical need to use continuous
variables to accurately and statistically place an item into one of several predefined categories.

6. Limitations and Comparison to Other Techniques

Despite its robustness when assumptions are met, the discriminant function approach suffers from
several notable limitations, primarily stemming from its strict reliance on the parametric statistical
framework. The requirement for multivariate normality and, particularly, the demanding
assumption of homogeneity of covariance matrices (homoscedasticity) can be highly restrictive
in real-world data analysis, especially in fields like social science, where data distributions are
frequently non-normal. When these assumptions are severely violated, the calculated linear
classification boundary may be suboptimal or misleading, potentially leading to increased
misclassification errors if alternatives like Quadratic Discriminant Analysis (QDA), which relaxes
the homogeneity assumption, are not employed.

DFA is often compared directly to Logistic Regression (LR), another standard classification
technique. While both aim to classify observations into categorical groups, LR is generally
preferred when the strict distributional assumptions of DFA (normality and equal covariance
matrices) are strongly violated, or when the primary goal is to estimate the probability of group
membership rather than simply maximizing the spatial separation between group means. LR is
significantly more flexible as it makes fewer assumptions about the distribution of the predictors.
However, DFA often exhibits superior performance in terms of maximizing separation and is
typically more computationally stable and efficient for multi-group classification problems (MDA),
compared to complex extensions like Multinomial Logistic Regression.

In the context of modern machine learning, Linear Discriminant Analysis (LDA) competes with
powerful, non-parametric technigues such as Support Vector Machines (SVMs) and various
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ensemble methods. SVMs excel at classification, especially when the decision boundary is non-
linear or complex, as they focus on finding the optimal hyperplane that maximizes the margin
between classes, rather than relying on distributional parameters like means and variances. While
these newer methods often provide better predictive accuracy in complex datasets, LDA remains
advantageous primarily for its high interpretability (the coefficients explicitly link predictors to
separation), its utility as a foundational dimensionality reduction technique (often used as a pre-
processing step), and its inherent robustness when dealing with linearly separable data that
adheres reasonably well to the required statistical assumptions.

7. Further Reading

Linear discriminant analysis (LDA) - Wikipedia

Discriminant Analysis - StatSoft Electronic Textbook

Fisher, R. A. (1936). The Use of Multiple Measurements in Taxonomic Problems. Annals of

Eugenics.
Mahalanobis distance - Wikipedia
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