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What is the PRESS Statistic

The PRESS statistic, standing for Predicted REsidual Sum of Squares, is a critical metric used in

statistical modeling to assess the predictive accuracy and generalizability of a fitted model.
Essentially, it serves as an estimate of the error that the model would produce when applied to a
completely new dataset, which was not used during the training process. This calculation is
achieved by summing the squared differences between the observed data points and the values
predicted by the model after systematically removing each data point one at a time--a process
fundamental to leave-one-out cross-validation.

Understanding the PRESS statistic is vital for practitioners who rely on models for forecasting and
prediction, as opposed to mere explanation. By providing a single, easily comparable value,
PRESS allows researchers to rapidly contrast the performance of multiple competing models, such
as various forms of Linear Regression or polynomial regression, on the same dataset. The model

yielding the lowest PRESS value is conventionally considered the superior choice for future
predictions, possessing the strongest likelihood of performing well when exposed to unfamiliar
data.

Furthermore, the utility of PRESS extends significantly into diagnostics, particularly in identifying
the insidious problem of overfitting. A model suffering from overfitting fits the training data almost
perfectly but fails dramatically when presented with new observations. Because the PRESS
calculation inherently involves estimating prediction error based on data points not included in the
immediate fit (due to the leave-one-out methodology), it penalizes models that are overly complex
and not robust, thereby serving as a robust indicator of a model's true predictive power versus its
explanatory fit to the existing sample.

The Dual Goals of Statistical Modeling

In the realm of statistics, particularly when applying regression models, researchers typically

pursue one of two primary objectives. The first objective centers on explanation: attempting to
guantify and understand the structural relationship between one or more explanatory variables (or

predictors) and a specific response variable. This goal focuses on parameter interpretation, testing

hypotheses about the nature of causality or association, and ensuring the model accurately reflects
theoretical relationships.

The second, equally important objective is prediction: utilizing the fitted model to accurately
forecast the value of the response variable based on new, unseen values of the explanatory
variables. This predictive goal requires a model that not only describes the existing data well but,
more crucially, generalizes effectively to novel cases. When prediction is the primary concern,
traditional metrics focused solely on the goodness-of-fit within the sample, such as the standard R-
squared, often fall short because they do not adequately account for out-of-sample performance.

The distinction between these two goals is critical for model validation. A model optimized for
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explanation might utilize high-order polynomials or numerous predictors to maximize R-squared,
but this often leads to poor predictive capabilities due to overfitting. Conversely, a model optimized
for prediction must prioritize parsimony and robustness. It is precisely in the pursuit of optimizing
for prediction that the PRESS statistic becomes indispensable, offering a straightforward, cross-
validated measure of prediction error that aligns directly with the goal of accurate forecasting on
future data points.

Deconstructing the PRESS Formula

The mathematical formulation of the PRESS statistic is derived from the concept of leave-one-out
residuals, providing a rigorously cross-validated measure of error. While the calculation appears
complex, its structure ensures that every observation contributes to the prediction error calculation
as if it were an independent test point. The fundamental equation for the PRESS statistic is given

by:
PRESS = Z(ei / (1-hii))2

The formula relies on two primary components derived from the model fitting process: the standard
residuals (ei) and the leverage values (hii). The term ei represents the standard residual for the i-th
observation, calculated as the difference between the observed response value (yi) and the value
predicted by the model utilizing the full dataset (?i). While standard residuals measure the error
within the fitted sample, they are inherently optimistic because the model used the i-th observation
to determine its own parameters.

The crucial distinction introduced by the PRESS statistic lies in the denominator, involving the term
hii. This value, known as the leverage of the i-th observation, measures how influential that
particular observation is on the determination of the model's regression coefficients. Leverage
essentially indicates how far the observation's explanatory variable values are from the average of
all explanatory variable values. High leverage points pull the regression line closer to themselves,
potentially masking their true prediction error.

The full term, 1 / (1 - hii), acts as a correction factor. By dividing the standard residual (ei) by (1 -
hii), we effectively transform the standard residual into a predicted residual. A predicted residual
(often denoted as e(i)) represents the difference between the actual observed value (yi) and the
value predicted by a regression model that was fit using all data points except the i-th observation.
Squaring and summing these predicted residuals for all observations yields the final PRESS
statistic, a comprehensive measure of prediction error based on a systemic cross-validation
approach.
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Why PRESS Excels in Predictive Validation

Traditional measures of model fit, such as the Sum of Squared Errors (SSE) or the Mean Squared
Error (MSE), rely exclusively on the training data. While these statistics are excellent indicators of
how well the model describes the existing sample, they are prone to degradation when used to
evaluate predictive capacity on new data. This deficiency stems from the inherent bias: any
complex model, even one based on noise, will typically minimize SSE simply by including more
parameters, without gaining true predictive insight.

The PRESS statistic overcomes this limitation by implementing a leave-one-out cross-validation
framework internally, without the computational burden of iteratively refitting the model n times
(where n is the number of observations). By using the leverage values (hii) as a shortcut, the
PRESS formula achieves the same result as if we had dropped each point, refit the model, and
calculated the prediction error for the dropped point. This streamlined approach ensures that the
prediction for any given data point is truly independent of that point's influence on the model
coefficients.

This independence from the training set bias makes the PRESS statistic an exceptionally robust
measure of model generalizability. Because it focuses on the performance against slightly
perturbed datasets (missing one point), a low PRESS value provides strong evidence that the
model is capturing the underlying signal in the data rather than merely fitting the noise or
peculiarities of the sample. Consequently, when the objective is forecasting, minimizing PRESS is
a much safer strategy than maximizing R-squared.

Model Selection and Detecting Overfitting

The primary use case for the PRESS statistic in practical modeling is the critical task of model
selection. When faced with a set of competing models--perhaps models incorporating different

combinations of explanatory variables or models utilizing different functional forms (e.g., linear vs.
guadratic)--the model that minimizes the PRESS statistic should be chosen. This methodology is
based on the statistically sound principle that the model which exhibits the lowest estimated
prediction error on unseen data is the most reliable predictor.

Furthermore, PRESS is instrumental in diagnosing and avoiding the pitfalls of overfitting.
Overfitting occurs when a model is excessively complex, often incorporating too many variables or
terms, causing it to fit the random error in the training data rather than the underlying statistical
relationship. While such a model will show an excellent fit (low SSE, high R-squared) on the
training set, its estimated prediction error, as measured by PRESS, will be comparatively high.

A simple heuristic used by analysts involves comparing the PRESS value to the standard Sum of
Squared Errors (SSE, or Residual Sum of Squares, RSS). If the PRESS statistic is only slightly
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larger than the SSE, the model exhibits good stability and generalizability. However, if the PRESS
statistic is significantly larger than the SSE, it signals that the model is likely overfitted to the
training data. This substantial divergence occurs because the inclusion of extraneous parameters
leads to high leverage values (hii) for influential points, dramatically inflating the corrected
predicted residuals and, consequently, the overall PRESS score.

By prioritizing the minimization of PRESS, statisticians naturally favor more parsimonious models--
those that achieve maximum explanatory power using the fewest possible parameters. This
inherent bias towards simplicity, driven by the leave-one-out nature of the calculation, ensures that
the selected model is robust, interpretable, and, most importantly, provides reliable predictions
outside the original sample boundary.

Practical Application: Calculating PRESS in R

To demonstrate the utility of the PRESS statistic, we can examine a practical example using the R
programming environment. Suppose we have a relatively small dataset incorporating three

potential predictors, x1, x2, and x3, and a single response variable, y. Our objective is to determine
which combination of these explanatory variables yields the best predictive regression models.

First, we must define our dataset within R. This step ensures that all subsequent modeling
procedures operate on the same set of observations, allowing for a fair comparison of predictive
accuracy among the competing models. The dataset establishment is straightforward:

data <- data.frame(x1=c(2, 3,3,4,4,6,8,9,9,9),
x2=c¢(2,2,3,3,2,3,5,6,6,7),

x3=c(12, 14, 14, 13,8, 8,9, 14,11, 7),

y =¢(23, 24, 15, 9, 14, 17, 22, 26, 34, 35))

Next, we fit three distinct linear models using R's standard | m() function. Model 1 is a simple
regression relying only on x1; Model 2 incorporates both x1 and x2 (a multiple regression); and
Model 3 uses x2 and x3. Each model represents a distinct hypothesis regarding which variables
are the most predictive of the response variable y. These differing specifications allow us to test
the robustness of various predictor subsets.

modell <- Im(y~x1, data=data)
model2 <- Im(y~x1+x2, data=data)

model3 <- Im(y~x2+x3, data=data)

Finally, since R does not have a built-in function named PRESS, we define a custom function that
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leverages R's internal capabilities to calculate the PRESS statistic using the mathematically

equivalent formula. This custom function utilizes the residuals and the influence (specifically, the
leverage values, hat) derived from the fitted model, providing a concise and accurate way to

implement the cross-validation calculation.

Interpreting the Results

Upon fitting the models and defining the custom PRESS calculation function, we apply it to each
model individually. The resulting output provides the numerical PRESS statistic for each of the
three competing specifications:

#create custom function to calculate the PRESS statistic
PRESS <- function(model) {

i <-residuals(model)/(1 - Im.influence(model)$hat)
sum(in2)

}

#calculate PRESS for model 1
PRESS(modell)

590.2197

#calculate PRESS for model 2
PRESS(model2)

519.6435

#calculate PRESS for model 3
PRESS(model3)

537.7503

Reviewing the calculated values, we observe that Model 1, relying solely on x1, yields the highest
PRESS value at 590.2197, indicating the largest estimated predictive error among the three. Model
3, utilizing x2 and x3, performs better with a PRESS value of 537.7503. Crucially, Model 2, which
combines x1 and x2, achieves the minimum PRESS statistic of 519.6435.

The conclusion drawn from this analysis is straightforward: based on the principle of minimum
predictive error, Model 2 is the preferred specification for forecasting the response variable y. This
model configuration is deemed the most robust and generalizable, offering the highest likelihood of
making accurate predictions when applied to new, unseen data, outperforming both the simpler
Model 1 and the alternative combination in Model 3. The PRESS statistic thus guides the
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statistician toward selecting the model best suited for future forecasting tasks.

Conclusion

The PRESS statistic is an indispensable tool in the statistical modeling toolkit, particularly when the

end goal is reliable prediction rather than mere explanation. By providing a bias-corrected measure
of prediction error rooted in the theory of leave-one-out cross-validation, PRESS offers a clear,
objective criterion for model selection and a robust diagnostic for detecting overfitting. Researchers
who incorporate the evaluation of PRESS alongside standard metrics like R-squared ensure that
their chosen models are not only statistically sound but also practically effective for forecasting and
generalizing findings to new populations.
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