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The normal approximation to the binomial is a powerful statistical technique that allows

practitioners to estimate probabilities associated with the binomial distribution using the much

simpler calculations inherent in the normal distribution. This method is crucial when dealing with a

large number of trials, as direct calculation of binomial probabilities becomes computationally

intensive and time-consuming. It is most effective when the probability of success, $p$, is close to

0.5, creating a symmetrical distribution that closely mirrors the bell curve of the normal distribution.

For instance, consider the challenge of modeling the outcome of hundreds of independent trials,

such as calculating the exact probability of obtaining 50 to 60 heads in 100 coin tosses. While

theoretically solvable using the binomial formula, the approximation provides an efficient and highly

accurate estimate, streamlining complex statistical analysis in real-world scenarios.

Understanding the Need for Approximation

While the binomial distribution is perfectly suited for analyzing experiments with a fixed number of

independent trials, each having only two possible outcomes (success or failure), its formulas can

become unwieldy as the number of trials ($n$) increases. Calculating cumulative probabilities,

such as $P(X leq k)$, requires summing multiple individual binomial probabilities, which quickly

becomes impractical without specialized software. The Normal Approximation addresses this

computational hurdle by leveraging the Central Limit Theorem, recognizing that as $n$ grows, the

discrete binomial distribution inherently converges towards the continuous normal distribution. This

convergence allows us to substitute the complicated summation process with a single calculation

using a Z-score and a standard normal table, drastically simplifying large-scale probability

assessments.

The theoretical underpinning relies on the assumption that for a sufficiently large number of trials,

the inherent skewness of the binomial distribution, especially when $p$ is near 0.5, diminishes

significantly. This transition from a discrete to a continuous model is vital for advanced statistical

inference. Furthermore, by approximating the binomial using the normal distribution, we transition

from calculating exact discrete probabilities to finding the area under a continuous curve, which

corresponds to the probability of a range of outcomes. This methodological shift is a cornerstone of

applied statistics, enabling quicker analysis in quality control, polling, and scientific research where

large datasets are the norm.

Defining the Binomial Distribution Parameters

When working with a random variable $X$ that adheres to a binomial distribution, characterized by

$n$ independent trials and a constant probability $p$ of success for each trial, we must first

determine its key descriptive statistics: the mean ($mu$) and the standard deviation ($sigma$).

These parameters define the location and spread of the distribution and are essential for

ARABPSYCHOLOGY.C
OM

https://en.wikipedia.org/wiki/Normal_approximation_to_the_binomial
https://en.wikipedia.org/wiki/Binomial_distribution
https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Binomial_distribution
https://enwikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Binomial_distribution
https://scales.arabpsychology.com/?p=107108
https://scales.arabpsychology.com
https://scales.arabpsychology.com


What is the “Normal Approximation to Binomial: Definition & Example”? 3

PSYCHOLOGICAL SCALES scales.arabpsychology.com

converting the binomial variable into a standardized Z-score required for the normal approximation.

The simplicity of these formulas is one reason why the binomial model is so widely used in

introductory statistics, forming the foundation for more complex concepts in statistical inference.

The formulas for calculating the mean and standard deviation of a binomial random variable are

derived directly from the underlying properties of the distribution. The mean, $mu$, represents the

expected number of successes over $n$ trials. The standard deviation, $sigma$, measures the

variability or dispersion around that expected mean. These two values provide the necessary scale

factors to align the discrete binomial distribution with the standardized continuous normal

distribution when the approximation conditions are satisfied.

The Mean: $mu = np$. This is the expected value of successes.

The Standard Deviation: $sigma = sqrt{np(1-p)}$. This measures the spread of the results.

If the sample size, $n$, is sufficiently large and the distribution meets specific symmetry

requirements, we can then transition smoothly to using the normal distribution to approximate

probabilities that would otherwise require tedious binomial calculations. This convergence is

precisely what defines the utility of the normal approximation to the binomial methodology.

The Criteria for a Sufficiently Large Sample

A fundamental requirement for employing the normal approximation is ensuring that the number of

trials ($n$) is large enough for the resulting binomial distribution to closely resemble the symmetric

shape of the bell curve. Statisticians define this "sufficiently large" condition using two simple

checks that relate the expected number of successes ($np$) and the expected number of failures

($n(1-p)$). Both of these values must exceed a certain threshold, typically 5, to guarantee that the

tails of the binomial distribution are not overly skewed, which would introduce unacceptable error

into the normal approximation.

The formal criteria that must be satisfied are rigorous and non-negotiable for accurate application

of this technique:

The expected number of successes must be at least five: $np geq 5$.

The expected number of failures must also be at least five: $n(1-p) geq 5$.

If either of these conditions fails--for example, if $n$ is small, or if $p$ is very close to 0 or 1--the

binomial distribution will exhibit substantial skewness. In such instances, the use of the continuous

normal distribution would yield inaccurate results, and one must revert to using the exact binomial

probability formula. Only when both criteria are confidently met can we proceed with the

transformation and confidently use the normal model to address probability queries related to the

original discrete process.
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Introducing the Necessity of Continuity Correction

A crucial adjustment must be made when transitioning from the discrete nature of the binomial

distribution to the continuous framework of the normal distribution. A discrete probability

distribution, such as the binomial, assigns probabilities only to distinct, countable integer values

(e.g., 5 successes, 6 successes). Conversely, the normal distribution, being a continuous

probability distribution, assigns probabilities as areas over intervals. To bridge this gap and ensure

that our approximation accurately represents the original discrete probability, we must employ the

continuity correction. Failing to apply this correction invariably leads to significant inaccuracies,

particularly when approximating the probability of a single value or a boundary condition.

In essence, the continuity correction involves treating a discrete integer value $X$ as an interval

ranging from $X-0.5$ to $X+0.5$. By adding or subtracting 0.5 from the boundary values of the

discrete variable, we effectively allocate the entire probability 'block' of the integer to the

appropriate interval under the continuous curve. For example, if we are interested in the probability

of exactly 45 successes, $P(X=45)$, we must recognize that this single discrete point corresponds

to the continuous interval between 44.5 and 45.5 in the normal distribution. This methodology

ensures that none of the inherent probability mass of the integer value is lost or misplaced during

the conversion process, maintaining the high fidelity of the approximation.

Applying the Continuity Correction Rule

Consider a scenario where we seek the probability that a trial results in less than or equal to 45

successes, denoted $P(X leq 45)$. Since 45 is the highest integer success count included, the

corresponding continuous interval must extend up to the upper boundary of that integer. Thus, we

calculate $P(X leq 45.5)$ using the normal model. Conversely, if we seek $P(X < 45)$, which

excludes 45, the continuous boundary must stop just before the integer 45, meaning we calculate

$P(X leq 44.5)$. The following table summarizes the precise continuity adjustments required based

on the inequality sign used in the original binomial probability query:

Target Binomial Probability Normal Approximation with Continuity Correction

$P(X = k)$ (Exactly k) $P(k - 0.5 < X < k + 0.5)$

$P(X leq k)$ (Less than or equal to k) $P(X < k + 0.5)$

$P(X < k)$ (Strictly less than k) $P(X < k - 0.5)$

$P(X geq k)$ (Greater than or equal to k) $P(X > k - 0.5)$

$P(X > k)$ (Strictly greater than k) $P(X > k + 0.5)$
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Detailed Example: Approximating a Binomial Probability

To solidify our understanding of the normal approximation method, let us walk through a practical

example involving a large number of trials. We will attempt to determine the probability of a specific

outcome range when flipping a fair coin 100 times. Specifically, we want to find the probability that

the coin lands on heads 43 times or fewer, which is expressed as $P(X leq 43)$. This scenario

perfectly illustrates the use case for the normal approximation, as $n=100$ is large, and $p=0.5$

suggests a high degree of symmetry in the distribution.

Before commencing the approximation steps, we first define the parameters of the underlying

binomial distribution:

$n$ (Number of Trials): $n = 100$ (The total number of coin flips).

$X$ (Number of Successes): We are interested in $X leq 43$ (The number of heads).

$p$ (Probability of Success): $p = 0.50$ (The probability of getting a head on any single flip,

assuming a fair coin).

The process requires several sequential steps, beginning with verifying the prerequisites for using

the continuous model and concluding with consulting the standard normal table to find the desired

probability. Each step builds upon the last, ensuring that the discrete distribution is correctly

mapped onto the continuous scale of the normal distribution.

Step-by-Step Calculation Walkthrough

The following ordered list outlines the necessary computational steps to arrive at the final

probability estimate:

Step 1: Verify the Normal Approximation Criteria.

We must first confirm that $n$ is sufficiently large by checking the two required conditions:

Expected successes: $np = 100 times 0.5 = 50$. Since $50 geq 5$, the first condition is met.

Expected failures: $n(1-p) = 100 times (1 - 0.5) = 50$. Since $50 geq 5$, the second condition is

also met.

As both criteria are satisfied, we are justified in proceeding with the normal approximation

methodology, knowing that the resulting error will be minimized.

Step 2: Apply the Continuity Correction.

We are seeking $P(X leq 43)$. Consulting the continuity correction rules, we must add 0.5 to the

discrete boundary value to include the entire probability mass of $X=43$. Therefore, the normal
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distribution equivalent we need to find is $P(X < 43.5)$.

Step 3: Calculate the Mean ($mu$) and Standard Deviation ($sigma$).

We now calculate the mean and standard deviation for the binomial distribution, which will serve as

the mean and standard deviation for our approximating normal curve:

$mu$ (Mean) $= n times p = 100 times 0.5 = 50$.

$sigma$ (Standard Deviation) $= sqrt{n times p times (1-p)} = sqrt{100 times 0.5 times (1-0.5)} =

sqrt{25} = 5$.

Step 4: Calculate the Z-score.

We must standardize the corrected value $X=43.5$ using the formula for the Z-score, which

measures how many standard deviations the value is from the mean:

$Z$ $= (x - mu) / sigma = (43.5 - 50) / 5 = -6.5 / 5 = -1.3$.

Step 5: Determine the Final Probability.

The final step involves looking up the calculated Z-score of -1.3 in a standard normal distribution

table (Z-table). The value corresponding to $Z = -1.3$ represents the area under the standard

normal curve to the left of that point, which is $P(Z < -1.3)$. This value is determined to be 0.0968.

Therefore, the probability that a coin lands on heads less than or equal to 43 times during 100 flips

is approximately 0.0968, or 9.68%. This approximation provides a quick and accurate measure

compared to using the exact, lengthy binomial formula summation.

Summary of Key Concepts

The illustrative example above comprehensively demonstrates the practical application of the

normal approximation method. This powerful technique is indispensable when working with large-

scale Bernoulli trials where calculating exact binomial distribution probabilities becomes

cumbersome. By successfully completing the five steps, we confirmed that this method relies

heavily on three core statistical transitions: transforming a discrete random variable into continuous

parameters, checking rigorous sample size criteria, and adjusting for the nature of the probability

models using the continuity correction.

To recap the essential requirements and outcomes demonstrated:

We analyzed a scenario where the random variable adhered to the properties of a binomial

distribution ($n$ fixed, independent trials, two outcomes).
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The sample size ($n=100$) was verified as sufficiently large, meeting the $np geq 5$ and $n(1-p)

geq 5$ criteria, thereby justifying the use of the normal distribution.

We successfully applied the necessary continuity correction to convert the discrete probability $P(X

leq 43)$ into the continuous probability $P(X < 43.5)$.

Mastering the normal approximation to the binomial allows statisticians and data analysts to

quickly assess probabilities in large samples, providing a fundamental tool for hypothesis testing

and statistical inference across various fields, from epidemiology to financial modeling.
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