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How to Easily Perform a Fisher Z-Transformation

In the field of statistics, analyzing the relationship between two variables often involves calculating

the correlation coefficients. While the resulting value, typically the Pearson's correlation coefficient
(denoted as $r$), provides a measure of linear association, drawing reliable inferences from this
value can be challenging. This difficulty arises because the sampling distribution of $r$ is often
highly skewed, especially when the true population correlation ($rho$) is close to $-1$ or $13$. To
overcome this fundamental statistical hurdle, the renowned statistician Sir Ronald Fisher
introduced a critical technique: the Fisher Z-Transformation.

The Fisher Z-Transformation is an essential statistical tool designed specifically to stabilize the
variance and normalize the distribution of sample correlation coefficients. By converting $r$ into a
new variable, $z_r$, this transformation allows statisticians to treat correlation coefficients using
methods generally reserved for data that follows an approximately normal distribution. This

ensures that calculations regarding the statistical significance and, most importantly, the
construction of the confidence interval for the population correlation are reliable and accurate,

reducing the variability inherent in small or highly correlated samples.

Understanding this transformation is crucial for anyone engaging in advanced regression or
correlation analysis, as it forms the foundational step for hypothesis testing and interval estimation
regarding population correlation parameters. The transformation not only provides a cleaner
distribution for inference but also facilitates the comparison of correlation coefficients derived from
different samples, thereby enhancing the rigor of comparative studies.

The Necessity of Transforming Correlation Coefficients

To grasp why the Fisher Z-Transformation is necessary, one must first consider the sampling
distribution of the Pearson's correlation coefficient, $r$. Unlike many other sample statistics, such

as the sample mean, the distribution of $r$ is inherently non-normal. When the true population
correlation ($rho$) is close to zero, the sampling distribution of $r$ is roughly symmetric and bell-
shaped, approximating a normal distribution. However, as the population correlation approaches

the extremes of $-1$ or $19$, the distribution of $r$ becomes increasingly skewed. This skewness
occurs because the correlation coefficient is bounded--it cannot exceed $1$ or fall below $-1$. This
boundary constraint compresses the distribution near the extremes, invalidating standard
parametric tests that rely on the assumption of normality.

When the sampling distribution of a statistic is skewed, calculating standard errors and
constructing valid confidence intervals becomes problematic. A confidence interval calculated

without accounting for this skewness would be asymmetrical and inaccurate, potentially leading
researchers to incorrect conclusions about the true population relationship. For instance, if the
observed sample correlation $r$ is high (e.g., $r=0.9%), the distribution is heavily skewed toward
$-1%, meaning the confidence limits calculated symmetrically around $r$ would incorrectly extend
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beyond $1$, which is statistically impossible.

The core purpose of the Fisher Z-Transformation is to map the bounded interval of $r$ (from
$-1%$ to $1%$) onto the unbounded scale of the real numbers (from $-infty$ to $+infty$). This
mapping effectively "stretches" the distribution near the boundaries and compresses it near the
center, resulting in a transformed variable, $z_r$, whose sampling distribution is approximately
normal, regardless of the magnitude of the underlying population correlation $rho$. This
stabilization is crucial for performing reliable inferential statistics.

The Mathematical Formulation of the Transformation

The mathematical representation of the Fisher Z-Transformation is elegant and relies on the
natural logarithm function, which is instrumental in converting the bounded correlation scale into
the unbounded $2$ scale. The formula transforms the sample correlation coefficient ($r$) into the
Fisher $z$ score ($z_r$), often referred to simply as the Fisher $Z$ statistic. The formula is
expressed as follows:

$$z_r = frac{1{2} In left( frac{1+r}{1-r} right)$$

Here, $In$ represents the natural logarithm. This formula utilizes a logarithmic transformation

known as the inverse hyperbolic tangent function, which achieves the necessary stretching of the
probability density function near the boundaries of the original correlation coefficients. The result,

$z_r$, is a new statistic whose distribution adheres much more closely to the characteristics
required for standard statistical inference.

For example, if the Pearson's correlation coefficient between two variables is found to be r = 0.55,

then we would calculate zr using the formula:

zr=In((1+r) / (1-r) /2

zr=In((1 +0.55)/(1-0.55))/2
zr=In(1.55/0.45) /2

zr =1In(3.444) | 2

zr &approx; 1.2368 / 2

zr &approx; 0.6184

This transformation is mandatory before proceeding to calculate a reliable confidence interval. If

we attempted to use the untransformed $r$ value in standard interval estimation formulas, the
resulting interval would not only be unreliable due to the skewed distribution but would also fail to
incorporate the necessary adjustments for variance stabilization across different $r$ values.
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The Properties of the Transformed Variable (zr)

The primary advantage of the Fisher Z-Transformation lies in the favorable properties of the
resulting transformed variable, $z_r$. Regardless of the population correlation $rho$, the sampling
distribution of $z_r$ is approximately a normal distribution. This approximate normality holds true

even for relatively small sample sizes, although the approximation improves significantly as the
sample size ($n$) increases.

Crucially, the standard error (SE) of the transformed variable $z_r$ is independent of the value of
the population correlation $rho$. This is known as variance stabilization. For large samples, the
standard error of $z_r$ is approximated by a remarkably simple formula:

$$SE_{z_r} = frac{1}{sqrt{n-3}}$$

The term $n-3$% in the denominator accounts for the degrees of freedom utilized in estimating the
two means and the correlation itself, providing a robust estimate of the variability. The
independence of $SE_{z_r}$ from $rho$ is the cornerstone of the transformation's utility, as it
allows us to use a consistent, reliable standard error across all possible values of the correlation
coefficients, simplifying the process of calculating confidence bounds and conducting hypothesis
tests.

Because $z_r$ is approximately normally distributed with a known standard error, we can readily
apply the standard $Z$-score method to determine the critical values necessary for constructing a

confidence interval. Specifically, we can use the $Z$-distribution (or standard normal distribution)
to find the margin of error for $z_r$, allowing us to estimate the range for the population
transformed correlation, $zeta$ (the Greek letter zeta, representing the population equivalent of
$z_r3).

Calculating Confidence Intervals using the Fisher Z-Transformation

Calculating a confidence interval for the population Pearson's correlation coefficient ($rho$)

requires three distinct phases: first, transforming the sample correlation ($r$) into $z_r$; second,
calculating the confidence interval in the $Z$ scale; and third, performing the inverse
transformation to return the interval back to the original correlation scale.

The general formula for the confidence interval on the $Z$ scale is defined as:
$$CI_{Z} = z_r pm (Z_{alpha/2} times SE_{z_r})$$

Where $Z_{alpha/2}$ is the critical $Z$-value corresponding to the desired confidence level (e.g.,
$1.96$ for a $95%$ confidence interval). This calculation yields the lower bound ($L$) and the
upper bound ($U$) of the interval for the transformed population correlation $zeta$. It is crucial to
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remember that these bounds ($L$ and $U$) are still in the unbounded $Z$ scale and must be
converted back to the familiar $$ correlation scale.

The final step involves applying the inverse transformation, often called the inverse hyperbolic
tangent transform, to convert $L$ and $U$ back into correlation values ($r_L$ and $r_U$). The
inverse formula is given by:

$$r = frac{e™2z} - 1{eN2z} + 1}$$

By applying this inverse formula to both the lower bound ($L$) and the upper bound ($U$), we
obtain the final, reliable confidence interval for the population correlation $rho$. This interval

provides a range of values that, with the specified level of confidence, is likely to contain the true
population correlation coefficient.

Example: Calculating a 95% Confidence Interval for Correlation Coefficient

Suppose a market researcher wants to estimate the correlation between customer satisfaction
scores and repeat purchase frequency for residents in a certain target demographic. We select a
random sample of 60 residents and find the following key information:

Sample size: n = 60
Correlation coefficient between satisfaction and frequency: r = 0.56

We aim to find a 95% confidence interval for the population correlation coefficient ($rho$).

Step 1. Perform the Fisher Z-Transformation
We first convert the sample correlation $r=0.56$ into the transformed variable $z_r$:

$$z_r = frac{1H2} In left( frac{1+0.56}{1-0.56} right) = frac{1}{2} In left( frac{1.56}{0.44} right)
approx frac{1}{2} In(3.5455) approx frac{1.2657H2} = 0.6328%$3$

Step 2: Calculate the Standard Error and Confidence Limits on the Z-Scale
Next, we calculate the standard error of $z_r$ using the sample size $n=60$:
$$SE_{z_r} = frac{1}H{sqrt{n-3}} = frac{1{sqrt{60-3}} = frac{1H{sqrt{57}} approx 0.1325%$$

For a $95%$% confidence interval, the critical $Z$-value ($Z_{0.025}$) is 1.96. We now calculate the
margin of error (ME):

$SME = Z {alpha/2} times SE_{z_r} = 1.96 times 0.1325 approx 0.2597$$
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We use this margin of error to find the lower bound ($L$) and the upper bound ($U$) for $zeta$
(the population $Z$ score):

Lower Bound (L) = zr - ME = 0.6328 - 0.2597 = 0.3731
Upper Bound (U) = zr + ME = 0.6328 + 0.2597 = 0.8925

This intermediate interval, $$, represents the estimated range for the transformed population
correlation $zeta$.

Step 3: Perform the Inverse Transformation to Find the Final Confidence Interval

Finally, we apply the inverse formula to $L$ and $U$ to obtain the confidence interval for $rho$ in
the original correlation scale. Note that the inverse formula requires calculating $e”{2z}$, which
simplifies the calculation significantly.

For the Lower Bound ($L=0.37319%):

$$r_L = frac{eM2L}-1}{eM2L}+1} = frac{e”{2(0.3731)}-1}{e"{2(0.3731)}+1} =
frac{e™{0.7462}-1{e"N0.7462}+1} approx frac{2.109-1}{2.109+1} = frac{1.109}{3.109} approx
0.3567%$$

For the Upper Bound ($U=0.8925%):

$$r U = frac{er{2U}-1H{eM2U}+1} = frac{e”{2(0.8925)}-1}{e”{2(0.8925)}+1} =
frac{e”{1.785}-1{e™1.785}+1} approx frac{5.959-1}{5.959+1} = frac{4.959}{6.959} approx
0.7126%$

The final 95% confidence interval for the population correlation coefficients ($rho$) is therefore .

This interval provides strong evidence that the true correlation between customer satisfaction and
repeat purchase frequency lies somewhere between $0.3567$ and $0.7126$, affirming a moderate
to strong positive relationship.

Limitations and Considerations

While the Fisher Z-Transformation is invaluable for reliable statistical inference regarding
correlation, it is important to acknowledge its underlying assumptions and limitations. The
transformation relies on the assumption that the variables being correlated follow a bivariate
normal distribution in the population. If this assumption is severely violated, particularly in cases

involving highly non-normal distributions or extreme outliers, the validity of the resulting confidence
intervals may be compromised.

Furthermore, the formula for the standard error, $SE_{z_r} = 1/sqrt{n-3}$, is an asymptotic
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approximation, meaning its accuracy increases with larger sample sizes. For very small samples
(e.g., $n < 20%), the approximation may not be perfect, and the actual sampling distribution of
$z_r$ may still exhibit minor deviations from perfect normality. In such cases, researchers must
interpret the results with caution, although the Fisher transformation generally performs better than
relying on the untransformed $r$ distribution.

Alternatively, in situations where the normality assumption is highly questionable or for non-
parametric measures of correlation (like Spearman's $rho$ or Kendall's $tau$), alternative
methods such as bootstrapping are often preferred for constructing confidence intervals. However,

for the standard Pearson's correlation coefficient, the Fisher Z-Transformation remains the gold

standard due to its simplicity, clarity, and effectiveness in variance stabilization.

Summary of the Impact

The Fisher Z-Transformation is more than just a mathematical quirk; it is a critical enabling
technique in correlation analysis. Its ability to convert the restricted and skewed distribution of the
sample correlation coefficient ($r$) into an approximately normal distribution ($z_r$) is the
fundamental mechanism that allows for the valid application of inferential statistics.

By transforming the data, standard error calculations become independent of the population
parameter, leading to robust and reliable hypothesis tests and interval estimates. As demonstrated
through the detailed calculation of the confidence interval, the transformation is a mandatory
precursor--the first step required--to provide a meaningful range of values for the true population
correlation coefficient. Without this transformation, attempts to assess the precision or statistical
significance of observed correlations would be inherently biased and statistically unsound.

In conclusion, mastery of the Fisher Z-Transformation is essential for accurate quantitative
analysis, ensuring that conclusions drawn about the strength and direction of linear relationships
between variables are grounded in sound statistical theory.
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