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The one proportion z-test is a fundamental hypothesis test in statistical inference. It is specifically

designed to assess whether an observed sample proportion is significantly different from a pre-

specified or theoretical population proportion. This powerful technique is rooted in the principles of

the normal distribution, allowing statisticians to quantify the probability of observing the sample

data if the null hypothesis were true. The core purpose of this test is to determine if the deviation

between what we observe in a subset and what we expect for the entire population is merely due

to random chance or represents a genuine statistical difference.

A one proportion z-test provides a formal framework for comparing an observed proportion

derived from a sample against a defined theoretical value (the hypothesized population proportion).

This method is critical in various fields, including quality control, social sciences, and market

research, where establishing the prevalence of a characteristic is essential. If the test reveals a

statistically significant difference, it suggests the population parameter is likely not equal to the

hypothesized value.

This comprehensive guide details the structure and application of the one proportion z-test,

covering:

The underlying necessity and motivation for employing this specific statistical procedure.

A thorough breakdown of the formula, including the calculation of the test statistic.

A practical, step-by-step numerical example illustrating its execution.

Critical assumptions that must be satisfied to ensure the validity of the test results.

The Rationale: Why We Use Sampling and Z-Tests

Statistical inference often requires making statements about large populations based on smaller,

manageable samples. Imagine a scenario where we need to know if the majority of people in a

metropolitan area favor a new city ordinance, and we hypothesize that the proportion favoring it is

exactly 60%. Since the population size is immense, surveying every resident is impractical due to

high costs and excessive time commitment. This logistical challenge necessitates the use of

sampling.

Instead of conducting a complete census, we select a representative sample of residents and

survey them regarding their stance on the law. This sample provides an observed proportion, often

denoted as $hat{p}$, which serves as an estimate of the true population proportion, $p$. The

fundamental dilemma arises because the sample proportion will almost certainly differ slightly from

the true population proportion due to normal sampling distribution variability.

The central question becomes: Is the difference between our observed sample proportion and the

hypothesized 60% significant enough to conclude that the population proportion is truly different
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from 60%? Or is this observed variation simply attributable to random chance associated with the

specific residents selected for the sample? The one proportion z-test provides the mathematical

tool to answer this precise question, determining the statistical significance of the deviation.

Essential Formula and Hypothesis Structure

The structure of the one proportion z-test always begins with defining the null hypothesis ($H_0$),

which represents the status quo--the assumption that there is no difference between the sample

proportion and the hypothesized population proportion.

H0: $p = p_0$ (The true population proportion, $p$, is equal to the hypothesized proportion,

$p_0$).

The alternative hypothesis ($H_1$) dictates the direction of the potential difference being tested.

Selecting the correct alternative hypothesis is crucial as it determines whether the critical region for

rejection lies on one or both tails of the normal distribution.

H1 (Two-tailed): $p neq p_0$ (The population proportion is simply not equal to the hypothesized

value $p_0$. This tests for difference in either direction.)

H1 (Left-tailed): $p < p_0$ (The population proportion is less than the hypothesized value $p_0$.

This is a directional test.)

ARABPSYCHOLOGY.C
OM

https://en.wikipedia.org/wiki/Null_hypothesis
https://en.wikipedia.org/wiki/Normal_distribution
https://scales.arabpsychology.com/?p=109100
https://scales.arabpsychology.com
https://scales.arabpsychology.com


What is the definition of one proportion z-test? 4

PSYCHOLOGICAL SCALES scales.arabpsychology.com

H1 (Right-tailed): $p > p_0$ (The population proportion is greater than the hypothesized value

$p_0$. This is also a directional test.)

To quantify the difference between the observed and expected proportions, we calculate the test

statistic $z$. This $z$-score measures how many standard errors the sample proportion ($hat{p}$)

is away from the hypothesized population proportion ($p_0$):

$$z = frac{hat{p}-p_0}{sqrt{frac{p_0(1-p_0)}{n}}}$$

Where the terms represent:

$hat{p}$: The observed sample proportion (calculated as the number of successes divided by

$n$).

$p_0$: The hypothesized population proportion specified in the null hypothesis.

$n$: The sample size used for the study.

Key Assumptions for Validity

For the results of the one proportion z-test to be reliable and for the standard normal distribution

approximation to hold true, several assumptions must be met. Violating these assumptions can

lead to inaccurate p-value calculations and misleading conclusions regarding the null hypothesis.

The primary assumption is that the data must represent a simple random sample (SRS) from the

population of interest. This ensures that every individual in the population has an equal chance of

being included in the sample, thereby minimizing selection bias and maximizing the

representativeness of the observed proportion ($hat{p}$). If the sample is not randomly selected,

the findings cannot be reliably generalized back to the larger population.

Furthermore, the test relies on the assumption of independence, meaning that the outcome for

any single observation should not influence the outcome for any other observation. In practice, this

is often guaranteed by ensuring that the sample size ($n$) is less than 10% of the total population

size ($N$). This is known as the 10% condition, which allows us to treat the selection process as

though it were sampling with replacement.

Finally, the test requires the Normal Approximation Condition. Since the binomial distribution

(which governs proportions) is approximated by the normal distribution for this test, the sample

must be large enough to ensure the sampling distribution of the sample proportion is approximately

normal. Statisticians generally verify this condition by checking that both the expected number of

successes ($n cdot p_0$) and the expected number of failures ($n cdot (1 - p_0)$) are greater

than or equal to 10.
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Detailed Example: A Step-by-Step Walkthrough

Let us apply the one proportion z-test to a concrete scenario. Suppose a political analyst wants to

determine if the true proportion of county residents supporting a specific environmental law differs

from 60%. We will conduct the test using a significance level ($alpha$) of 0.05.

Step 1: Gather the Sample Data. We select a random sample of $n=100$ residents. Of these, 64

indicate support for the law.

$hat{p}$: Observed sample proportion = $64/100 = 0.64$

$p_0$: Hypothesized population proportion = $0.60$

$n$: Sample size = $100$

Step 2: Define the Hypotheses. Since the analyst wants to know if the proportion "differs"

(meaning it could be higher or lower), we use a two-tailed test.

H0: $p = 0.60$ (The true population proportion is equal to 0.60.)

H1: $p neq 0.60$ (The true population proportion is not equal to 0.60.)

Step 3: Calculate the Test Statistic $z$. We substitute the gathered values into the $z$-test

formula.

$$z = frac{(0.64 - 0.60)}{sqrt{frac{0.60(1-0.60)}{100}}} = frac{0.04}{sqrt{frac{0.24}{100}}} =

frac{0.04}{sqrt{0.0024}}$$

$$z approx frac{0.04}{0.04899} approx textbf{0.816}$$

Interpreting the Test Statistic and P-Value

The calculated test statistic, $z = 0.816$, indicates that our sample proportion ($hat{p}=0.64$) is

0.816 standard errors above the hypothesized mean ($p_0=0.60$). We must now determine how

likely it is to observe a result this extreme (or more extreme) if the null hypothesis were actually

true. This likelihood is quantified by the p-value.

Step 4: Calculate the P-Value. Since this is a two-tailed test, we look up the area associated with

$z=0.816$ and multiply it by two to account for both tails (the probability of being $0.816$ standard

deviations away in either direction). According to the standard normal distribution table, the two-

tailed p-value associated with $z = 0.816$ is approximately $textbf{0.4145}$.

Step 5: Draw a Conclusion. We compare the calculated p-value (0.4145) to the predetermined

significance level ($alpha = 0.05$).

Since the p-value (0.4145) is substantially greater than our significance level ($alpha = 0.05$), we
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fail to reject the null hypothesis ($H_0$). This outcome suggests that the difference observed

between the sample proportion (0.64) and the hypothesized proportion (0.60) is not statistically

significant. We conclude that there is insufficient evidence, at the 5% significance level, to claim

that the true proportion of residents who support the law is different from 0.60. The observed 4%

difference is likely attributed to random sampling distribution variation.

Limitations and Alternatives to the Z-Test

While the one proportion z-test is robust, it does have limitations, particularly when the sample size

is small or when the hypothesized proportion $p_0$ is very close to 0 or 1. In such situations, the

Normal Approximation Condition ($n cdot p_0 geq 10$ and $n cdot (1 - p_0) geq 10$) may fail,

leading to an inaccurate calculation of the standard error and an unreliable z-score.

When the assumptions of the standard z-test are not met, statisticians often turn to alternative

methods. One common alternative is the use of the **Exact Binomial Test**, which calculates the

exact p-value directly from the binomial distribution without relying on the normal approximation.

This test is appropriate for small sample size scenarios where the z-test is invalid.

Another recommended approach, particularly for improving the accuracy of the normal

approximation when $n$ is moderate, is applying a **Continuity Correction** to the z-test formula.

Furthermore, instead of using hypothesis testing, one might construct a **Confidence Interval for

Proportions**, such as the Wilson Score Interval, which offers a range of plausible values for the

true population proportion, providing a more descriptive measure than a simple pass/fail

hypothesis test conclusion.

Note: For practical application, many statistical software packages and online calculators can

perform this entire one proportion z-test automatically, streamlining the calculation steps while

ensuring the assumptions are assessed.

Conclusion

The one proportion z-test remains an indispensable tool for comparing observed data against a

theoretical standard. By meticulously following the steps of defining hypotheses, calculating the

test statistic, and interpreting the resulting p-value relative to the significance level, researchers

can make robust, data-driven decisions about population parameters. Understanding the

underlying assumptions, particularly the normal approximation, ensures that the conclusions drawn

from this powerful hypothesis test are statistically sound and reliable.
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