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What is the concept behind Generalized Linear Mixed Models?

Generalized Linear Mixed Models (GLMMSs) are a statistical modeling approach that combines the
principles of both generalized linear models (GLMs) and mixed models. GLMMs allow for the
analysis of data with multiple correlated observations, such as longitudinal or repeated measures
data, by incorporating both fixed and random effects. This allows for the investigation of both
within-subject and between-subject variability, providing a more accurate and comprehensive
understanding of the relationship between the dependent and independent variables. GLMMs can
also handle non-normal data and can incorporate different types of response variables, making
them a versatile and powerful tool in statistical analysis. Overall, the concept behind GLMMs is to
provide a flexible and robust method for analyzing complex data structures, making them a
valuable tool in various fields such as social sciences, biology, and medicine.

Introduction to Generalized Linear Mixed Models

Background

Generalized linear mixed models (or GLMMs) are an
extension of linear

mixed models to allow response variables from
different distributions,

such as binary responses. Alternatively, you could
think of GLMMs as

an extension of generalized linear models (e.g., logistic
regression)

to include both fixed and random effects (hence mixed
models). The

general form of the model (in matrix notation) is:

$$
mathbf{y}

mathbf{X}boldsymbol{beta} +
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mathbf{Z}mathbf{u} + boldsymbol{varepsilon}
$$

Where (mathbf{y}) is a (N times 1) column vector, the
outcome variable;

(mathbf{X}) is a (N times p) matrix of the (p) predictor
variables;

(boldsymbol{beta}) is a (p times 1) column vector of the
fixed-effects regression

coefficients (the (beta)s); (mathbf{Z}) is the (N times q)
design matrix for

the (q) random effects (the random complement to the
fixed (mathbf{X}));

(mathbf{u}) is a (q times 1) vector of the random
effects (the random complement to the fixed
(boldsymbol{beta}));

and (boldsymbol{varepsilon}) is a (N times 1)

column vector of the residuals, that part of (mathbf{y})
that is not explained by

the model, (boldsymbol{Xbeta} + mathbf{Zu}). To recap:

$$
overbrace{mathbf{y}}*{mbox{N x 1}} quad = quad
overbrace{underbrace{mathbf{X}} {mbox{N x p}} quad
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underbrace{boldsymbol{beta}} {mbox{p X
1} {mbox{N x 1}} quad + quad
overbrace{underbrace{mathbf{Z}} {mbox{N x q}} quad
underbrace{mathbf{u}} {mbox{q x 1}}}*{mbox{N x 1}}
quad + quad
overbrace{boldsymbol{varepsilon}}*{mbox{N x 1}}

$$

To make this more concrete, let's consider an example
from a

simulated dataset. Doctors ((q = 407)) indexed by the (j)
subscript each see (n_{j}) patients. So our grouping
variable is the

doctor. Not every doctor sees the same number of
patients, ranging

from just 2 patients all the way to 40 patients, averaging
about

21. The total number of patients is the sum of the
patients seen by

each doctor

$$
N=sum {j}*gn_j
$$
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In our example, (N = 8525) patients were seen by
doctors.

Our outcome, (mathbf{y}) is a continuous variable,
mobility scores. Further, suppose we had 6 fixed effects
predictors,

Age (in years), Married (0 = no, 1 =yes),

Sex (0 = female, 1 = male), Red Blood Cell (RBC) count,
and

White Blood Cell (WBC) count plus afixed intercept and
random intercept for every doctor. For simplicity, we
are only going

to consider random intercepts. We will let every other
effect be

fixed for now. The reason we want any random effects
IS because we

expect that mobility scores within doctors may be
correlated. There are many reasons why this could be.
For example,

doctors may have specialties that mean they tend to
see lung cancer

patients with particular symptoms or some doctors may
see more

advanced cases, such that within a doctor,

patients are more homogeneous than they are between
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doctors.
To put this example back in our matrix notation, we
would have:

$$

overbrace{mathbf{y}}*{mbox{8525 x 1}} quad = quad
overbrace{underbrace{mathbf{X}} {mbox{8525 x 6}}
guad underbrace{boldsymbol{beta}} {mbox{6 x
1}}}M{mbox{8525 x 1}} quad + quad
overbrace{underbrace{mathbf{Z}} {mbox{8525 x 407}}
gquad underbrace{mathbf{u}} {mbox{407 X
1}}}M{mbox{8525 x 1}} quad + quad
overbrace{boldsymbol{varepsilon}}**{mbox{8525 x 1}}
$$

$$
mathbf{y} = left begin{array}{l} n_{ij} \ 1\ 2\ Idots \ 8525
end{array} quad mathbf{X} = left $$

$$
boldsymbol{beta} =
left
$$

Because (mathbf{Z}) is so big, we will not write out the
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numbers

here. Because we are only modeling random intercepts,
itis a

special matrix in our case that only codes which doctor
a patient

belongs to. So in this case, it is all Os and 1s. Each
columnis one

doctor and each row represents one patient (one row in
the

dataset). If the patient belongs to the doctor in that
column, the

cell will have a 1, 0 otherwise. This also means that it is
a sparse

matrix (i.e., a matrix of mostly zeros) and we can create
a picture

representation easily. Note that if we added a random
slope, the

number of rows in (mathbf{Z}) would remain the same,
but the

number of columns would double. This is why it can
become

computationally burdensome to add random effects,
particularly when

you have a lot of groups (we have 407 doctors). In all

PSYCHOLOGICAL SCALES scales.arabpsychology.com



https://scales.arabpsychology.com/?p=158893
https://scales.arabpsychology.com
https://scales.arabpsychology.com

What is the concept behind Generalized Linear Mixed Models?

cases, the

matrix will contain mostly zeros, so it is always sparse.
In the

graphical representation, the line appears to wiggle
because the

number of patients per doctor varies.
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Z matrix dimensions: 8525 x 407
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Doctor,

In order to see the structure in more detail, we could
also zoom in

on just the first 10 doctors. The filled space indicates
rows of

observations belonging to the doctor in that column,
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whereas the
white space indicates not belonging to the doctor in

that column.

First 10 Doctors Z: 252 x 10

Doctor,

If we estimated it, (mathbf{u}) would be a column
vector, similar to (boldsymbol{beta}). However, in

scales.arabpsychology.com
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classical

statistics, we do not actually estimate (mathbf{u}).
Instead, we nearly always assume that for the $j$ th
element of vector (mathbf{u}):

$$
u_j sim mathcal{N}(mathbf{0}, mathbf{G})

$$

Which is read: "(u_j) is distributed as normal with mean
zero and

variance G". Where (mathbf{G}) is the variance-
covariance matrix

of the random effects. Because we directly estimated
the fixed

effects, including the fixed effect intercept, random
effect

complements are modeled as deviations from the fixed
effect, so they

have mean zero. The random effects are just deviations
around the

value in (boldsymbol{beta}), which is the mean. So what
is left

to estimate is the variance. Because our example only
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had arandom

intercept, (mathbf{G}) is just a (1 times 1) matrix, the
variance of

the random intercept. However, it can be larger. For
example,

suppose that we had a random intercept and a random
slope, then

$$

mathbf{G} =

begin{bmatrix}

sigma™{2} {int} & sigma”™{2} {int,slope}\
sigma”™{2} {int,slope} & sigma™{2} {slope}
end{bmatrix}

$$

Because (mathbf{G}) is a variance-covariance matrix,
we know that

it should have certain properties. In particular, we know
that it is

square, symmetric, and positive semidefinite. We also
know that this matrix has

redundant elements. For a (g times q) matrix, there are
(frac{q(g+1)}{2}) unique elements. To simplify
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computation by

removing redundant effects and ensure that the
resulting estimate

matrix is positive definite, rather than model
(mathbf{G})

directly, we estimate (boldsymbol{theta}) (e.g., a
triangular

Cholesky factorization (mathbf{G} = mathbf{LDL"{T}})).
(boldsymbol{theta}) is not always parameterized the
same way,

but you can generally think of it as representing the
random

effects. It is usually designed to contain non redundant
elements

(unlike the variance covariance matrix) and to be
parameterized in a

way that yields more stable estimates than variances
(such as taking

the natural logarithm to ensure that the variances are
positive). Regardless of the specifics, we can say that

$$
mathbf{G} = sigma(boldsymbol{theta})
$$
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In other words, (mathbf{G}) is some function of
(boldsymbol{theta}). So we get some estimate of
(boldsymbol{theta}) which we call
(hat{boldsymbol{theta}}).

Various parameterizations and constraints allow us to
simplify the

model for example by assuming that the random effects
are

independent, which would imply the true structure is

$$

mathbf{G} =
begin{bmatrix}
sigma™{2} {int} &0\
0 & sigma™{2} {slope}
end{bmatrix}

$$

The final element in our model is the variance-
covariance matrix of the

residuals, (mathbf{varepsilon}) or the conditional
covariance matrix of

(mathbf{y} | boldsymbol{Xbeta} + boldsymbol{Zu}).

The most common residual covariance structure is
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$$
mathbf{R} = boldsymbol{lsigma”*2_{varepsilon}}
$$

where (mathbf{l}) is the identity matrix (diagonal matrix
of 1s)

and (sigma”2_ {varepsilon}) is the residual variance.
This

structure assumes a homogeneous residual variance
for all

(conditional) observations and that they are
(conditionally)

independent. Other structures can be assumed such as
compound

symmetry or autoregressive. The (mathbf{G})
terminology is common

in SAS, and also leads to talking about G-side
structures for the

variance covariance matrix of random effects and R-
side structures

for the residual variance covariance matrix.

So the final fixed elements are (mathbf{y}), (mathbf{X}),
(mathbf{Z}), and (boldsymbol{varepsilon}). The final
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estimated

elements are (hat{boldsymbol{beta}}),
(hat{boldsymbol{theta}}), (hat{mathbf{G}}), and
(hat{mathbf{R}}). The final model depends on the
distribution

assumed, but is generally of the form:

$$

mathbf{y} | boldsymbol{Xbeta} + boldsymbol{Zu} sim
mathcal{F}(mathbf{0}, mathbf{R})

$$

We could also frame our model in a two level-style
equation for

the (i)-th patient for the (j)-th doctor. There we are
working with variables that we subscript rather than
vectors as

before. The level 1 equation adds subscripts to the
parameters

(beta)s to indicate which doctor they belong to. Turning
to the

level 2 equations, we can see that each (beta) estimate
for a particular doctor,

(beta_{pj}), can be represented as a combination of a
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mean estimate for that parameter, (gamma_{p0}), and a
random effect for that doctor, ((u_{pj})).

In this particular model, we see that only the intercept
((beta_{0j})) is allowed to vary across doctors because
it is the only equation

with a random effect term, ((u_{0j})). The other
(beta_{pj}) are constant across doctors.

$$

begin{array}{l I}

L1: & Y {ij} = beta {0j} + beta {1j}Age {ij} +
beta {2j}Married _{ij} + Dbeta {3j}Sex {ij} +
beta {4j}WBC {ij} + beta {5j}RBC {ij} + e {ij} \
L2: & beta {0j} = gamma_ {00} + u_{0j}\

L2: & beta {1j} = gamma_{10} \

L2: & beta {2j} = gamma_{20} \

L2: & beta {3j} = gamma_ {30} \

L2: & beta {4j} = gamma_{40} \

L2: & beta {5j} = gamma_{50}

end{array}

$$

Substituting in the level 2 equations into level 1, yields
the
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mixed model specification. Here we grouped the fixed
and random

intercept parameters together to show that combined
they give the

estimated intercept for a particular doctor.

$$

Y {ij} = (gamma_ {00} + u_{0j}) + gamma_{10}Age {ij} +
gamma_{20}Married {ij} + gamma {30}SEX {ij} +
gamma_{40}WBC {ij} + gamma_{50}RBC {ij} + e {ij}
$$

Generalized Linear Mixed Models

Up to this point everything we have said applies equally
to linear

mixed models as to generalized linear mixed models.
Now let's focus

in on what makes GLMMs unique.

What is different between LMMs and GLMMs is that the
response

variables can come from different distributions besides
gaussian. In

addition, rather than modeling the responses directly,
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some link function is often applied, such as a log link.
We

will talk more about this in a minute. Let the linear
predictor,

(eta), be the combination of the fixed and random
effects

excluding the residuals.

The generic link function is called (g(cdot)). The link
function

relates the outcome (mathbf{y}) to the linear predictor
(eta). Thus:

So our model for the conditional expectation of
(mathbf{y})

(conditional because it is the expected value depending
on the level

of the predictors) is:

We could also model the expectation of (mathbf{y}):

With (mathbf{y}) itself equal to:
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Link Functions and Families

So what are the different link functions and families?
There are

many options, but we are going to focus on three, link
functions and

families for binary outcomes, count outcomes, and then
tie it back

in to continuous (normally distributed) outcomes.

For a binary outcome, we use a logistic link function
and the

probability density function, or PDF, for the logistic.
These

are:

Count Outcomes

For a count outcome, we use a log link function and the
probability

mass function, or PMF, for the poisson. Note that we
call this a

probability mass function rather than

probability density function because the supportis
discrete (i.e., for positive integers). These are:
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Continuous Outcomes

For a continuous outcome where we assume a normal
distribution, the

most common link function is simply the identity. In this
case,

there are some special properties that simplify things:

So you can see how when the link function is the
identity, it

essentially drops out and we are back to our usual
specification of

means and variances for the normal distribution, which
Is the model

used for typical linear mixed models. Thus generalized
linear mixed

models can easily accommodate the specific case of
linear mixed

models, but generalize further.

Interpretation

The interpretation of GLMMs is similar to GLMs;
however, there is
an added complexity because of the random effects. On
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the linearized

metric (after taking the link function), interpretation
continues as

usual. However, it is often easier to back transform the
results to

the original metric. For example, in a random effects
logistic

model, one might want to talk about the probability of
an event

given some specific values of the predictors. Likewise
In a poisson

(count) model, one might want to talk about the
expected count

rather than the expected log count. These
transformations

complicate matters because they are nonlinear and so
even random

intercepts no longer play a strictly additive role and
instead can

have a multiplicative effect. This section discusses this
conceptin

more detail and shows how one could interpret the
model results.
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Suppose we estimated a mixed effects logistic model,
predicting

remission (yes =1, no = 0) from Age, Married (yes = 1,
no = 0), and

IL6 (continuous). We allow the intercept to vary
randomly by each

doctor. We might make a summary table like this for the

results.
Parameter Est. SE p-value OR

Intercept 1.467 274 <.001 4.335
Age -.056 .005 <.001 .946
Married (yes v no) .26 .064 <.001 1.297
IL6 -.053 .011 <.001 .948
(Sigman2_{intercept}) 3.979
Npatients = 8,525 Ndoctors = 407

The estimates can be interpreted essentially as always.
For

example, for IL6, a one unit increase in IL6 is associated
with a

.053 unit decrease in the expected log odds of
remission. Similarly,

people who are married or living as married are
expected to have .26

higher log odds of being in remission than people who
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are
single.

Many people prefer to interpret odds ratios. However,
these take on

a more nuanced meaning when there are mixed effects.
In regular

logistic regression, the odds ratios the expected odds
ratio holding

all the other predictors fixed. This makes sense as we
are often

interested in statistically adjusting for other effects,
such as

age, to get the "pure" effect of being married or
whatever the

primary predictor of interest is. The same is true with
mixed

effects logistic models, with the addition that holding
everything

else fixed includes holding the random effect fixed. that
IS, the

odds ratio here is the conditional odds ratio for
someone holding

age and IL6 constant as well as for someone with either
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the same

doctor, or doctors with identical random effects.
Although this can

make sense, when there is large variability between
doctors, the

relative impact of the fixed effects (such as marital
status) may be

small. In this case, it is useful to examine the effects at
various

levels of the random effects or to get the average fixed
effects

marginalizing the random effects.

Generally speaking, software packages do not include
facilities for

getting estimated values marginalizing the random
effects so it

requires some work by hand. Taking our same example,
let's look at

the distribution of probabilities at different values of the
random

effects. To do this, we will calculate the predicted
probability for

every patient in our sample holding the random doctor

PSYCHOLOGICAL SCALES scales.arabpsychology.com



https://scales.arabpsychology.com/?p=158893
https://scales.arabpsychology.com
https://scales.arabpsychology.com

What is the concept behind Generalized Linear Mixed Models?

effect at O,

and then at some other values to see how the
distribution of

probabilities of being in remission in our sample might
vary if they

all had the same doctor, but which doctor varied.

So for all four graphs, we plot a histogram of the
estimated

probability of being in remission on the x-axis, and the
number of

cases in our sample in a given bin. The random effects,
however, are

varied being held at the values shown, which are the
20th, 40th,

60th, and 80th percentiles. The x axis is fixed to go from
Otolin

all cases so that we can easily compare.
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What you can see is that although the distribution is the
same

across all levels of the random effects (because we hold
the random

effects constant within a particular histogram), the
position of the

distribution varies tremendously. Thus simply ignoring
the random

effects and focusing on the fixed effects would paint a
rather
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biased picture of the reality. Incorporating them, it
seems that

although there will definitely be within doctor variability
dueto

the fixed effects (patient characteristics), there is more
variability due to the doctor. Not incorporating random
effects, we

might conclude that in order to maximize remission, we
should focus

on diagnosing and treating people earlier (younger
age), good

relationships (marital status), and low levels of
circulating

pro-inflammatory cytokines (IL6). Including the random
effects, we

might conclude that we should focus on training
doctors.

Finally, let's look incorporate fixed and random effects
for

each individual and look at the distribution of predicted
probabilities of remission in our sample. that is, now
both fixed

and random effects can vary for every person.
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Count Outcomes

We could fit a similar model for a count outcome,
number of
tumors. Counts are often modeled as coming from a

poisson
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distribution, with the canonical link being the log. We
will do that

here and use the same predictors as in the mixed
effects logistic,

predicting count from from Age, Married (yes =1, no =
0), and

IL6 (continuous). We allow the intercept to vary
randomly by each

doctor. We might make a summary table like this for the

results.
Parameter Est. SE p-value Exp(Est.)

Intercept -.233 .057 <.001 792
Age .026 .001 <.001 1.026
Married (yes v no) -.13 .013 <.001 .878
IL6 .005 .002 .025 1.005
(Sigman2_{intercept}) .169
Npatients = 8,525 Ndoctors = 407

The interpretations again follow those for a regular
poisson model,

for a one unit increase in Age, the expected log count of
tumors

increases .026. People who are married are expected to
have .13 lower log

counts of tumors than people who are single. Finally,
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for a one unit
increase in IL6, the expected log count of tumors
increases .005.

It can be more useful to talk about expected counts
rather than

expected log counts. However, we get the same
interpretational

complication as with the logistic model. The expected
counts are

conditional on every other value being held constant
again including

the random doctor effects. So for example, we could
say that people

who are married are expected to have .878 times as
many tumors as

people who are not married, for people with the same
doctor (or same

random doctor effect) and holding age and IL6
constant.

Like we did with the mixed effects logistic model, we
can plot
histograms of the expected counts from our model for
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our entire

sample, holding the random effects at specific values.
Here at the

20th, 40th, 60th, and 80th percentiles. This gives us a
sense of how

much variability in tumor count can be expected by
doctor (the

position of the distribution) versus by fixed effects (the
spread of

the distribution within each graph).
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This time, there is less variability so the results are less
dramatic than they were in the logistic example.

Finally, let's look incorporate fixed and random effects

for

each individual and look at the distribution of expected
tumor counts in our sample. that is, now both fixed
and random effects can vary for every person.
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Histogram of exp({LP + Z2qg)
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Distribution Summary

Normal Binomial Poisson
(Gaussian)
Notation (mathcal{N}(mu, (B(n, p)) (Pois(lambda))
sigma™{2}))
Parameters (mu in mathbb{R}) & (nin {mathbb{Z} geq 0}) (lambda in {mathbb{R}
(Sigma”2 in {mathbb{R} & geq 0})
geq 0}) (pin)
Support (y in mathbb{R}) (y in {0, Idots, n}) (y in {mathbb{z} geq 0})
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Mean (mu) (np) (lambda)
Variance (Sigman2) (np(1 - p)) (lambda)
PDF/PMF (phi(x) = frac{1}{sart{2 pi | ( left(begin{array}{c} n\k ( frac{lambda”k}k!} e~{-
sigma”2}} end{array} right) lambda} )
exp {- frac{(x - mu)*2{2 | pMk} (1 -p)n-k})
sigma”2}})

Other Issues

For power and reliability of estimates, often the limiting
factor

Is the sample size at

the highest unit of analysis. For example, having 500
patients

from each of ten doctors would give you a reasonable
total number of

observations, but not enough to get stable estimates of
doctor effects

nor of the doctor-to-doctor variation. 10 patients from
each of 500

doctors (leading to the same total number of
observations)

would be preferable.

For parameter estimation, because there are not closed
form solutions
for GLMMs, you must use some approximation. Three
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are fairly common.

Another issue that can occur during estimation is quasi
or complete

separation. Complete separation means

that the outcome variable separate a predictor variable
completely,

leading perfect prediction by the predictor variable.
Particularly if

the outcome is skewed, there can also be problems with
the random effects.

For example, if one doctor only had a few patients and
all of them

either were in remission or were not, there will be no
variability

within that doctor.
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