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How to Control False Discovery Rate with the Benjamini-Hochberg Procedure

The Benjamini-Hochberg procedure is a statistical method used for controlling the false discovery
rate in multiple hypothesis testing. It was developed by Yoav Benjamini and Yosef Hochberg in
1995 to address the issue of inflated false positive results when conducting multiple statistical tests
simultaneously.

The procedure involves ranking the p-values obtained from the multiple tests and comparing them
to a predetermined significance level. The p-values are then adjusted based on the number of tests
conducted and the desired false discovery rate. This helps to control the overall probability of
falsely rejecting a true null hypothesis, known as the false discovery rate.

By controlling the false discovery rate, the Benjamini-Hochberg procedure ensures that the number
of false positive results is limited, thus reducing the chances of drawing incorrect conclusions from
the data. This makes it a valuable tool in scientific research and data analysis, particularly in fields
where multiple comparisons are common.

A Guide to the Benjamini-Hochberg Procedure

Whenever you conduct a statistical test, it's possible
that you could get a p-value that is less than 0.05 purely
by chance, even if your null hypothesis is true.

For example, suppose you want to know if a certain
plant has a mean height greater than 10 inches. Your
null and alternative hypotheses for the test would be:

HO: u =10 inches
HA: u> 10 inches

To test this hypothesis, you may go out and collect a of
20 plants to measure. Even if the true mean height of
this species of plant is 10 inches, it's possible that you
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could have selected a sample of 20 plants that were
unusually tall, which will lead you to reject the null
hypothesis.

Although the null hypothesis was true (the mean height
of this plant really was 10 inches), you rejected it. In
statistics, we call this a "false discovery." You claimed
to have made a discovery - a "significant result" - but
it's actually a false one.

Now imagine that you conduct 100 statistical tests at
once. Using an of 0.05, there's only a 5% chance of
making a false discovery with any individual test, but
because you're conducting such a large amount of
tests, you would expect about 5 of the 100 to lead to
false discoveries.

In the modern world, false discoveries can be a
common problem since technology has enabled
researchers to conduct hundreds or even thousands of
statistical tests at once.

For example, medical researchers can run statistical
tests on tens of thousands of genes at once. Even with
a false discovery rate of just 5%, this means hundreds
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of tests could result in false discoveries.

One way to control the false discovery rate is to use
something known as the Benjamini-Hochberg
Procedure.

The Benjamini-Hochberg Procedure
The Benjamini-Hochberg Procedure works as follows:

Step 1: Conduct all of your statistical tests and find the
p-value for each test.

Step 2: Arrange the p-values in order from smallest to
largest, assigning a rank to each one - the smallest p-
value has a rank of 1, the next smallest has a rank of 2,
etc.

Step 3: Calculate the Benjamini-Hochberg critical value
for each p-value, using the formula (i/m)*Q

where:
| =rank of p-value

Q =your chosen false discovery rate
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Step 4: Find the largest p-value that is less than the
critical value. Designate every p-value that is smaller
than this p-value to be significant.

The following example illustrates how to conduct this
procedure with concrete values.

Example

Suppose researchers are interested in determining
whether or not 20 different variables are linked to heart
disease. They conduct 20 individual statistical tests at
once and receive a p-value for each test. The following
table shows the p-values for each test, ranked in order
from smallest to largest.
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Variable P-Value Rank
Variable #12| 0.001 1
Variable #17| 0.034 2
Variable #3 0.035 3
Variable #11| 0.039 4
Variable #1 0.094 5
Variable #10| 0.106 6
Variable #4 0.145 7
Variable #13| 0.145 8
Variable #16| 0.223 9
Variable #9 0.241 10
Variable #18| 0.315 11
Variable #20| 0.338 12
Variable #7 0.432 13
Variable #14| 0.478 14
Variable #6 0.497 15
Variable #8 0.566 16
Variable #15| 0.654 17
Variable #2 0.876 18
Variable #5 0.905 19
Variable #19| 0.965 20

Suppose researchers are willing to accept a 20% false
discovery rate. Thus, to calculate the Benjamini-
Hochberg critical value for each p-value, we can use the
following formula: (i/20)*0.2 where i = rank of p-value.

The following table shows the Benjamini-Hochberg
critical value for each individual p-value:
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Variable | P-Value Rank (i/m)*Q
Variable #12| 0.001 1 0.010
Variable #17, 0.034 2 0.020
Variable #3 0.035 3 0.030
Variable #11| 0.039 4 0.040
Variable #1 0.094 5 0.050
Variable #10| 0.106 6 0.060
Variable #4 0.145 7 0.070
Variable #13| 0.145 8 0.080
Variable #16| 0.223 9 0.090
Variable #9 0.241 10 0.100
Variable #18| 0.315 11 0.110
Variable #20| 0.338 12 0.120
Variable #7 0.432 13 0.130
Variable #14| 0.478 14 0.140
Variable #6 0.497 15 0.150
Variable #8 0.566 16 0.160
Variable #15| 0.654 17 0.170
Variable #2 0.876 18 0.180
Variable #5 0.905 19 0.190
Variable #19| 0.965 20 0.200

The test with the largest p-value that is less than its
Benjamini-Hochberg critical value is Variable #11, which
has a p-value of 0.039 and a B-H critical value of 0.040.

Thus, this test and all tests with a smaller p-value will
be considered significant.
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Variable | P-Value Rank (i/m)*Q
Variable #12| 0.001 1 0.010
significant { Variable #17| 0.034 2 0.020
Variable #3 0.035 3 0.030
Variable #11| 0.039 4 0.040
Variable #1 0.094 5 0.050
Variable #10| 0.106 6 0.060
Variable #4 0.145 7 0.070
Variable #13| 0.145 8 0.080
Variable #16| 0.223 9 0.090
Variable #9 0.241 10 0.100
Variable #18| 0.315 11 0.110
Variable #20| 0.338 12 0.120
Variable #7 0.432 13 0.130
Variable #14| 0.478 14 0.140
Variable #6 0.497 15 0.150
Variable #8 0.566 16 0.160
Variable #15| 0.654 17 0.170
Variable #2 0.876 18 0.180
Variable #5 0.905 19 0.190
Variable #19| 0.965 20 0.200

Note that even though Variable #17 and Variable #3
didn't have p-values that were smaller than their B-H
critical values, they are still considered to be significant
since they have smaller p-values than Variable #11.

How to choose a false discovery rate

One of the most important steps in the Benjamini-
Hochberg procedure is choosing a false discovery rate.
You should choose your false discovery rate before you
actually collect any data or conduct any statistical tests.

Typically you will conduct a large number of statistical
tests during the exploratory phase of your analysis,
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which you will then follow up with more tests to further
investigate your findings.

If the follow-up tests are low-cost, then you may
consider setting a higher false discovery rate because
even if you have a few false discoveries you're likely to
uncover these false discoveries with future tests.

Also, if the cost of missing an important discovery is
high then you may want to set your false discovery rate
higher so that you don't miss anything important.

Depending on the costs of your research and the
importance of not missing any important discoveries,
the false discovery rate will vary from one situation to
the next.
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