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Multiple linear regression (MLR) is a powerful statistical technique widely employed across various

disciplines, from economics to biological sciences. Its primary purpose is to model the linear
relationship between a single continuous response variable and two or more predictor variables.
However, the validity and reliability of the inferences drawn from an MLR model are entirely
dependent upon meeting a specific set of underlying statistical prerequisites, often referred to as
the classical assumptions.

Understanding and verifying these assumptions is not merely an academic exercise; it is a critical
step in ensuring that your statistical model accurately reflects the underlying real-world processes.
There are five core assumptions that must be satisfied for MLR results, such as coefficient
estimates and p-values, to be considered unbiased and efficient. If any of these assumptions are
violated, the model's conclusions may be misleading or entirely invalid.

These five foundational assumptions are: 1) Linearity, requiring a direct linear relationship
between predictors and the response; 2) No Multicollinearity, ensuring predictors are not overly
correlated; 3) Independence of Observations, meaning data points are unrelated; 4)
Homoscedasticity, demanding constant variance of the error terms; and 5) Normality of

Residuals, specifying that the error terms must follow a normal distribution. In the following
sections, we will delve into each assumption, detail methods for assessment, and provide practical
solutions for addressing violations.

Multiple linear regression is a robust statistical method used to determine the relationship between
multiple predictor variables and a response variable.

Before deploying and interpreting a multiple linear regression model, we must confirm that the five
following assumptions are met. Failure to validate these assumptions can lead to skewed
estimates and incorrect statistical conclusions:

1. Linear Relationship: A strong and consistent linear relationship must exist between each
individual predictor variable and the response variable, conditional on the other predictors.

2. No Multicollinearity: The predictor variables must not exhibit high correlation among

themselves, as this destabilizes coefficient estimates.

3. Independence: Each observation utilized in the model must be independent of the others,
particularly concerning the error terms.

4. Homoscedasticity: The variance of the residuals (error terms) must remain constant across all

levels of the predictor variables.

5. Normality of Residuals: The residuals of the model must be normally distributed, especially
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important for valid hypothesis testing and confidence interval construction.

If any of these fundamental assumptions are violated, the results obtained from the multiple linear
regression analysis may be significantly unreliable, potentially leading to incorrect policy decisions
or scientific interpretations.

In this detailed article, we provide a comprehensive explanation for each assumption, practical
steps on how to determine if the assumption is met using graphical or statistical methods, and
crucial strategies for addressing violations.

Assumption 1: Linear Relationship

The most fundamental requirement of multiple linear regression is that the relationship between the
predictor variables and the response variable must be linear. This does not mean the relationship
is perfectly linear, but that the expected value of the response variable is a straight-line function of
the predictor variables. If the underlying relationship is intrinsically non-linear (e.g., parabolic or
exponential), a standard linear model will provide a poor fit and potentially misleading inferences.

Violating this assumption leads to systematic bias, as the model consistently under- or over-
estimates the response variable across different ranges of the predictors. Ensuring linearity
guarantees that the model coefficients accurately represent the constant change in the response
variable associated with a one-unit change in the predictor variable.

How to Determine if this Assumption is Met

The most straightforward and often sufficient way to verify the linearity assumption is through
visual inspection using scatter plots. You should create a scatter plot of each predictor variable
against the response variable. While this checks the marginal relationship, it usually provides a
strong initial indicator.

Furthermore, plotting the model's residuals against the predicted values can confirm linearity. In a
truly linear model, the residuals should show no discernible pattern--they should be randomly
scattered around zero. If the plot of a predictor versus the response variable shows the points
roughly falling along a straight diagonal line, then there is a high likelihood that a linear relationship
exists between those variables, supporting the assumption.

For example, the data points in the plot below demonstrate a clear, positive linear trend, indicating
that the relationship between this specific predictor variable (x) and the response variable (y) is
suitable for linear modeling:
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What to Do if this Assumption is Violated

If visual analysis reveals a clear non-linear pattern between one or more predictor variables and
the response variable, there are several powerful strategies to address the violation without
abandoning the model:

Apply a Nonlinear Transformation: Often, the relationship can be linearized by applying a
mathematical transformation to the offending predictor variable. Common transformations include
taking the logarithm (log), the square root, or the inverse of the variable. This technique frequently
alters the curvature of the data, bringing the relationship closer to a straight line.

Introduce Polynomial Terms: If the plot suggests a curve (e.g., a parabolic shape), you can
explicitly model this curvature by adding a squared or cubed term of the predictor variable (such as
X2) as an additional predictor in the model. This allows the linear model structure to capture non-
linear effects.

Remove the Variable: In the most extreme cases, where a predictor variable exhibits absolutely
no measurable linear association with the response variable, and transformations fail to improve
the fit, it may be necessary to drop that predictor variable entirely from the model, as its inclusion is
not contributing valuable information.

Assumption 2: No Multicollinearity

The assumption of "No Multicollinearity" dictates that the predictor variables included in the
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multiple regression model should not be highly correlated with one another. When two or more
predictor variables provide essentially the same information--that is, they are nearly perfectly
correlated--the model suffers from severe multicollinearity.

The presence of significant multicollinearity poses a serious problem because it makes it difficult
for the regression algorithm to isolate the individual effect of each predictor on the response
variable. This results in highly unstable and unreliable coefficient estimates. The standard errors of
the coefficients become inflated, confidence intervals widen dramatically, and the signs or
magnitudes of the coefficients may fluctuate wildly based on small changes in the dataset, making
interpretation virtually impossible.

How to Determine if this Assumption is Met

While examining a correlation matrix between predictors offers an initial view, the definitive method
for diagnosing multicollinearity is to calculate the Variance Inflation Factor (VIF) for each
predictor variable within the model.

The VIF quantifies how much the variance of an estimated regression coefficient is increased due
to collinearity. VIF values begin at 1 (indicating no collinearity) and have no theoretical upper limit.
As a general heuristic, VIF values greater than 5 are often considered indicative of potential
multicollinearity that warrants further investigation, though some fields may use a stricter threshold
of 10. High VIF values suggest that the predictor variable is largely redundant, as its variation is
already explained by other predictors in the model.

Calculating VIF across all your predictor variables provides a quantifiable metric for assessing this
assumption.

If VIF values are consistently low (e.g., below 3), the model is likely free from harmful
multicollinearity.

It is important to remember that the interpretation of VIF thresholds (5 versus 10) can depend
heavily on the specific domain of study and the desired level of statistical precision.

What to Do if this Assumption is Violated

If analysis reveals that one or more predictor variables possess high VIF values (typically greater
than 5), immediate action is required to stabilize the model:

Remove Highly Correlated Predictors: The simplest and most direct approach is to identify the
predictor variable(s) contributing most significantly to the collinearity (i.e., those with the highest
VIF scores) and remove them from the model. Since these variables carry redundant information,
their removal usually has minimal impact on the model's overall predictive power but drastically
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improves the reliability of the remaining coefficients.

Combine Variables: If the variables are conceptually related, you might create a composite index
or score (e.g., an average or principal component) from the highly correlated variables and use this
single new variable in the model instead.

Utilize Specialized Regression Methods: Alternatively, if retaining all predictor variables is
absolutely essential for theoretical reasons, you can employ different statistical methodologies
such as Ridge Regression, LASSO Regression, or Principal Component Regression. These

methods are specifically designed to handle and mitigate the issues caused by highly correlated
predictor variables.

Assumption 3: Independence of Observations

The independence assumption requires that the errors (or residuals) associated with each
observation must be independent of the errors associated with all other observations. When
observations are dependent--meaning the error in one observation is related to the error in
another--we have a condition known as autocorrelation or serial correlation.

This violation is most common in time series data (where observations collected sequentially over
time are dependent on previous observations) or spatial data (where observations close in space
are related). Non-independent errors lead to standard errors being underestimated, resulting in
confidence intervals that are too narrow and a higher likelihood of declaring a coefficient
statistically significant when it is not (Type | error).

How to Determine if this Assumption is Met

For datasets where time or sequence is irrelevant (e.g., cross-sectional data), independence is
often assumed unless the sampling method suggests otherwise. However, for time series analysis,
independence must be formally tested. The most common diagnostic test is the Durbin-Watson

Test.

The Durbin-Watson test yields a test statistic that ranges from 0 to 4. A value close to 2 indicates

no autocorrelation. Values significantly less than 2 suggest positive autocorrelation (the error for
one observation is positively correlated with the next), while values significantly greater than 2
suggest negative autocorrelation (the error for one observation is negatively correlated with the
next). The p-value associated with the test provides the statistical evidence necessary to reject or
fail to reject the null hypothesis of no autocorrelation.

What to Do if this Assumption is Violated

Addressing autocorrelation depends heavily on the nature and structure of the dependency in the
data:
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Handle Positive Serial Correlation: If positive serial correlation is detected, a common solution is
to modify the model structure by including lagged variables. This means adding the previous time
period's value of the dependent variable (or sometimes independent variables) as a new predictor
in the model. This explicitly accounts for the time dependency.

Check for Overdifferencing: Negative serial correlation is less common and often indicates that
the data has been "overdifferenced" (a process used to achieve stationarity in time series). If
differencing was applied, reversing or checking the degree of differencing might resolve the issue.
Include Seasonal Components: For data exhibiting cyclical or seasonal patterns (e.g., quarterly
sales figures), adding seasonal dummy variables or Fourier terms to the model can capture the
regular, predictable patterns in the errors, thus restoring independence to the remaining residuals.
Use Robust Standard Errors: If necessary, one can use time series methods such as
Generalized Least Squares (GLS) or employ HAC (Heteroscedasticity and Autocorrelation
Consistent) standard errors, which adjust the standard errors to account for the dependency
without changing the coefficient estimates.

Assumption 4: Homoscedasticity

The assumption of Homoscedasticity (meaning "same variance") requires that the variance of the

residuals must be constant across all levels of the predictor variables and predicted values. When
this condition is not met--that is, when the variability of the errors changes as the predicted values
change--the model suffers from Heteroscedasticity (meaning "different variance").

Heteroscedasticity is a pervasive problem, particularly in cross-sectional datasets involving entities
of widely different scales (e.g., analyzing financial data across large multinational corporations and
small local businesses). When heteroscedasticity is present, the Ordinary Least Squares (OLS)
estimators remain unbiased, but they become inefficient. Crucially, the standard errors of the
regression coefficients are biased (often underestimated). This bias makes hypothesis tests
unreliable and significantly increases the risk of declaring a term statistically significant when it is
not, thereby compromising the model's overall inferential credibility.

How to Determine if this Assumption is Met

The primary and simplest way to check for homoscedasticity is through graphical analysis,

specifically by creating a plot of standardized residuals versus predicted values.

After fitting the regression model, this scatter plot places the predicted values of the response
variable on the x-axis and the standardized residuals on the y-axis. If the homoscedasticity
assumption holds, the points should form a horizontal band, scattered randomly around the zero
line with no systematic pattern. If the points exhibit a recognizable pattern--such as a fan shape, a
cone shape, or a bow tie--then heteroscedasticity is present.
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The following plot shows an ideal example of a regression model where homoscedasticity is

maintained:
Standardized Residuals vs. Predicted Values
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Predicted Values

Notice that the standardized residuals are spread evenly about zero, confirming constant variance.

In contrast, the following plot demonstrates a case where heteroscedasticity is clearly a problem:
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Standardized Residuals vs. Predicted Values
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Predicted Values

Observe how the standardized residuals become much more dispersed as the predicted values
increase. This characteristic "cone" or funnel shape is the most typical visual indicator of
heteroscedasticity:
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Standardized Residuals vs. Predicted Values
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What to Do if this Assumption is Violated
Fixing heteroscedasticity is crucial for accurate inference. Three common remedies are available:

Transform the Response Variable: A powerful technigue is to stabilize the variance by applying a
non-linear transformation to the response variable. Common transforms like the logarithm, square
root, or cube root often compress the high-variance end of the data distribution, causing the error
variances to become more uniform across all predicted values. This is frequently successful in
eliminating the cone shape.

Redefine or Rescale the Response Variable: Sometimes, the scale of the response variable is
inherently linked to size, causing larger entities to have larger variance. Redefining the response
variable as a rate or a ratio rather than a raw value (e.g., using "flower shops per capita" instead of
"total number of flower shops") can inherently reduce the variability that naturally occurs among
larger populations.

Use Weighted Least Squares (WLS): Weighted regression assigns specific weights to each data

point based on the estimated inverse variance of its error term. This means data points associated
with larger variances receive smaller weights, effectively shrinking their influence on the squared
residuals and producing more efficient, unbiased standard errors compared to standard OLS.

Related:
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Assumption 5: Normality of Residuals

The final core assumption is that the residuals (the differences between the observed and
predicted values) of the model must be normally distributed around the mean of zero. While the
Central Limit Theorem helps ensure that coefficient estimates are asymptotically normally
distributed even if errors are not, the assumption of normal residuals is vital for small sample sizes
and for the validity of classical hypothesis tests (t-tests and F-tests) and confidence intervals.

It is important to clarify that this assumption applies only to the error terms, not the raw predictor or
response variables themselves. Violations can stem from influential outliers or underlying non-
normal data structures.

How to Determine if this Assumption is Met

There are two primary approaches to assessing the normality of residuals: graphical methods and
formal statistical testing.

Check the assumption visually using Q-Q plots. A Quantile-Quantile (Q-Q) plot is a graphical
tool used to assess if a dataset follows a particular distribution, in this case, the normal distribution.
The plot compares the quantiles of the residuals to the theoretical quantiles of a normal
distribution. If the residuals are normally distributed, the points on the plot should align closely
along a straight diagonal line.

The following Q-Q plot shows an example of residuals that closely follow a normal distribution, as
indicated by their near-perfect alignment with the diagonal line:
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Normal Q-Q Plot

Sample Quantiles

Theoretical Quantiles

Conversely, the Q-Q plot below illustrates a clear departure from a straight diagonal line, indicating
that the residuals do not follow a normal distribution, often exhibiting heavier tails or skewness:
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Normal Q-Q Plot

Sample Quantiles

Theoretical Quantiles

Use formal statistical tests. Normality can also be assessed using hypothesis tests such as the
Shapiro-Wilk test, Kolmogorov-Smirnov test, Jarque-Barre test, or D'Agostino-Pearson test.
These tests provide a p-value to determine if the null hypothesis (that the residuals are normally
distributed) should be rejected.

However, practitioners should be cautious when relying solely on these tests, especially with very
large sample sizes. Formal tests often become overly sensitive and may reject the normality
assumption for even minor deviations that have little practical impact on the regression model. For
this reason, graphical methods like the Q-Q plot are often preferred for their practicality and visual
interpretability.

What to Do if this Assumption is Violated
If the normality assumption is violated, there are two primary courses of action:

Check for and Address Outliers: Non-normality is frequently driven by the presence of a few
extreme outliers in the data. Before resorting to complex transformations, verify whether any data
points are unduly influencing the residuals. If outliers are identified and can be justified as errors or
highly unusual observations, their removal or modification may restore normality.
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Apply a Nonlinear Transformation to the Response Variable: Similar to addressing
heteroscedasticity, transforming the response variable using functions like the square root,
logarithm, or cube root often helps to reshape the distribution of the residuals, moving them closer
to a normal distribution.

Accept the Violation (Large Samples): If the sample size is very large (n > 200) and the violation
is minor, the Central Limit Theorem suggests that the estimates of the regression coefficients will
still be approximately normally distributed, meaning OLS may still yield acceptable results,
provided the other assumptions hold.

Further Resources and Tutorials

A strong understanding of these five assumptions is essential for producing rigorous and
trustworthy statistical models. We recommend consulting additional resources to deepen your
expertise in diagnosing and treating assumption violations.

The following tutorials provide supplementary information about multiple linear regression and its
assumptions:

The following tutorials provide step-by-step examples of how to perform multiple linear regression
using different statistical software:
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