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How to Use the Empirical Rule to Understand Data Distributions

Fundamental Insights into the Empirical Rule and Statistical Analysis

In the expansive field of statistics, few concepts are as foundational or as widely utilized as the
Empirical Rule. Often referred to by the numerical shorthand 68-95-99.7, this heuristic provides a

clear framework for understanding how data points are distributed within a specific set of
observations. The rule is strictly applicable to data that follows a normal distribution, which is

characterized by a symmetrical, bell-shaped curve where the majority of observations cluster
around the central peak. By leveraging this rule, statisticians and data analysts can quickly
estimate the spread of a population without having to perform exhaustive calculations for every
individual data point.

The significance of the Empirical Rule lies in its ability to simplify complex datasets into

manageable percentages. It provides a shorthand for describing the density of information relative
to the mean. In a perfectly normal distribution, the mean, median, and mode are all equal,

creating a balanced landscape where the standard deviation serves as the primary unit of

measurement for distance from the center. Understanding this relationship is essential for anyone
pursuing studies in data science, finance, or the social sciences, as it forms the basis for more
advanced concepts like hypothesis testing and confidence intervals.

To master this concept, one must recognize that the Empirical Rule is an approximation used for

probability estimation. While it is rarely 100% precise in real-world messy data, it serves as a
robust guideline for predicting where the vast majority of outcomes will fall. For instance, if a
researcher knows the average height of a population and the degree of variance, they can use this
rule to predict how many individuals will fall within a specific height range. This predictive power
makes it an indispensable tool for quality control, risk management, and various forms of predictive
modeling.

The Mathematical Architecture of the Normal Distribution

At the heart of the Empirical Rule is the Gaussian function, which defines the shape of the bell

curve. A normal distribution is determined by two main parameters: the mean (represented by

the Greek letter mu) and the standard deviation (represented by the Greek letter sigma). The

mean determines the location of the peak of the curve, while the standard deviation dictates the
width or "spread" of the curve. A small standard deviation results in a tall, narrow curve where data
is tightly packed, whereas a large standard deviation produces a short, wide curve where data is
more dispersed.

Understanding the standard deviation is critical because it acts as the "yardstick" for the

Empirical Rule. When we speak of data falling within "one standard deviation," we are describing

a specific interval on either side of the average. This mathematical consistency allows us to make
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universal statements about different types of data, whether we are measuring test scores, blood
pressure, or industrial tolerances. As long as the data is normally distributed, the same percentage
rules apply, regardless of the scale of the measurement.

Furthermore, the symmetry of the normal distribution implies that 50% of the data falls below the

mean and 50% falls above it. This symmetry is what allows the 68-95-99.7 rule to work effectively.
By dividing the bell curve into segments based on sigma units, we can calculate the area under the
curve, which corresponds directly to the probability of a value occurring within that range. This
geometric interpretation of data is a cornerstone of modern statistical theory and provides the
intuition needed to solve complex practice problems.

Decoding the Three Tiers: 68, 95, and 99.7

The first tier of the Empirical Rule states that approximately 68% of the data points in a normal

distribution will fall within one standard deviation of the mean. Specifically, this range spans

from (mean - 1 sigma) to (mean + 1 sigma). Because the curve is symmetrical, this means that
roughly 34% of the data lies between the mean and one standard deviation above it, and another
34% lies between the mean and one standard deviation below it. This central region represents the
most "typical” or "average" outcomes in a dataset.

The second tier expands this range to two standard deviations, covering approximately 95% of the
data. This interval--stretching from (mean - 2 sigma) to (mean + 2 sigma)--encompasses nearly all
the observations in a population. In many scientific fields, data points that fall outside this 95%
range are considered statistically significant or unusual. This tier is frequently used in the
construction of confidence intervals, providing a high level of certainty that a sampled value will

fall within these bounds.

The final tier covers three standard deviations from the mean, accounting for a staggering 99.7%
of all data points. This range (mean = 3 sigma) leaves only 0.3% of the data in the "tails" of the
distribution--0.15% in the extreme left tail and 0.15% in the extreme right tail. Observations falling
outside this three-sigma boundary are often classified as an outlier. Understanding these specific
thresholds allows analysts to identify anomalies and assess the likelihood of extreme events
occurring within a system.

Practical Application: Calculating Ranges with a Fixed Mean

To better understand and apply the Empirical Rule, let us examine a specific practice problem

involving a dataset with a known mean of 50 and a standard deviation of 5. By applying the rule,

we can determine the percentage of data falling within certain numerical ranges. For the first
standard deviation, we calculate 50 minus 5 and 50 plus 5, giving us a range of 45 to 55.
According to the rule, approximately 68% of our data points will exist within this 10-unit window.
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Moving to the second standard deviation, we multiply the standard deviation of 5 by two, resulting
in 10. We then subtract and add this from the mean: 50 - 10 = 40 and 50 + 10 = 60. Therefore,
95% of the data falls between the values of 40 and 60. This tells us that it is highly probable for any
randomly selected value from this population to be within this range, and only 5% of the values will

be less than 40 or greater than 60.

Finally, for the three-sigma range, we calculate 50 + (3 * 5), which results in a range of 35 to 65.
The Empirical Rule informs us that 99.7% of the data will reside between 35 and 65. If we

encounter a value like 30 or 70 in this specific dataset, we can mathematically conclude that such
a value is extremely rare, occurring less than 0.3% of the time, which may prompt further
investigation into the validity of that specific data point.

Using the Empirical Rule to Determine Probabilities

Another common practice problem involves using the Empirical Rule to find the probability of a

specific outcome. For instance, consider a population that follows a normal distribution with a

mean of 100 and a standard deviation of 10. If we are asked to find the probability that a
randomly selected value falls between 90 and 110, we first identify how many standard deviations
those values are from the mean. Since 90 is 100 - 10 and 110 is 100 + 10, the range represents

exactly one standard deviation.

By applying our knowledge of the rule, we can immediately state that the probability of this
occurrence is approximately 68%. This type of analysis is vital in fields like finance, where an
investor might want to know the probability of a stock's return falling within a certain range based
on historical volatility. By treating volatility as the standard deviation, the Empirical Rule provides

a quick "back-of-the-envelope" calculation for risk assessment.

We can also solve for "half-ranges." For example, if we wanted to know the probability of a value
falling between 100 (the mean) and 120 (two standard deviations above the mean), we would take
the 95% associated with two standard deviations and divide it by two, since we are only looking at
one side of the symmetrical curve. This results in a probability of 47.5%. Combining these
segments allows for the solution of more complex problems, such as finding the likelihood of a
value being greater than a certain threshold or falling between two asymmetrical points.

Analytical Tools and Interactive Practice

The Empirical Rule is an incredibly useful tool for understanding the distribution of data in a

population. It can be applied to a variety of practice problems to analyze and interpret data
efficiently. To facilitate this learning process, many educators use interactive scripts and
calculators that generate random scenarios. These tools help students visualize the relationship
between the mean, standard deviation, and the resulting percentages.
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By engaging with diverse practice scenarios--such as measuring plant heights, factory output, or
standardized test scores--learners can develop an intuitive grasp of the three-sigma rule. This
intuition is valuable because it allows for rapid data analysis without constant reliance on a Z-

score table for every basic query. Mastering these mental shortcuts is a hallmark of an
experienced statistician.

Ultimately, the Empirical Rule serves as a bridge between basic descriptive statistics and the

more complex world of inferential statistics. Whether you are identifying an outlier in a medical
study or predicting consumer behavior, the 68-95-99.7 rule remains one of the most powerful and
elegant principles in the mathematical world. Below, you will find an interactive module designed to
test your proficiency with these concepts through real-time problem generation.

Empirical Rule Practice Problems
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The Empirical Rule, sometimes called the 68-95-99.7
rule, states that for a given dataset with a normal
distribution:

68% of data values fall within one standard deviation of
the mean.

95% of data values fall within two standard deviations
of the mean.

99.7% of data values fall within three standard
deviations of the mean.

Test your knowledge of the Empirical Rule using the
practice problems below.

The height of plants in a certain garden are normally
distributed with a mean of 12.3 inches and a standard
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deviation of 4.1 inches.
Use the Empirical Rule to estimate what percentage of
plants are between 8.2 and 16.4 inches tall.

%
var globalThing= {}; // Globally scoped object

function check() {
if(globalThing.q_selected=="between") {
if(globalThing.sd_multiplier==1) {

var solution = 68;

}

if(globalThing.sd_multiplier==2) {

var solution = 95;

}

if(globalThing.sd _multiplier==3) {

var solution = 99.7;

}

} /lend between
if(globalThing.q_selected=="less than") {
if(globalThing.sd_multiplier==1) {
if(globalThing.sd_selected==globalThing.sd_above) {
var solution = 84;

} else{
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var solution = 16;

}

}

if(globalThing.sd_multiplier==2) {
if(globalThing.sd_selected==globalThing.sd_above) {
var solution = 97.5;

} else{

var solution = 2.5;

}

}

if(globalThing.sd_multiplier==3) {
if(globalThing.sd_selected==globalThing.sd_above) {
var solution = 99.85;

} else{

var solution = 0.15;

}
}

} /lend less than

if(globalThing.q_selected=="greater than") {
if(globalThing.sd_multiplier==1) {
if(globalThing.sd_selected==globalThing.sd_above) {
var solution = 16;

} else{

var solution = 84;
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}

}

if(globalThing.sd_multiplier==2) {
if(globalThing.sd_selected==globalThing.sd_above) {
var solution = 2.5;

} else{

var solution = 97.5;

}

}

if(globalThing.sd_multiplier==3) {
if(globalThing.sd_selected==globalThing.sd_above) {
var solution = 0.15;

} else{

var solution = 99.85;

}
}

} /lend greater than

/Icheck if user-entered solution matches correct
solution

var user_answer =
document.getElementByld(‘answer').value;

If (user_answer == solution) {
document.getElementByld(‘output').innerHTML =
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Correct!"

} else{
document.getElementByld(‘output’).innerHTML = "Not
quite yet..."

}

/ltoggle answer showing

var result _display =
document.getElementByld("words_output");
result_display.style.display = "block";

} /lend massive check() function

function solution() {
if(globalThing.q_selected=="between") {
if(globalThing.sd_multiplier==1) {

var solution = 68;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 68% of data values fall within
one standard deviation of the mean.

In this example, " + globalThing.sd_below.toFixed(1) + "
Is located one standard deviation below the mean and "
+ globalThing.sd _above.toFixed(1) + " is located one
standard deviation above the mean.
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Thus, 68% of plants are between " +
globalThing.sd below.toFixed(1) + " and " +
globalThing.sd _above.toFixed(1) + " inches tall.";
}

if(globalThing.sd_multiplier==2) {

var solution = 95;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 95% of data values fall within
two standard deviations of the mean.

In this example, " + globalThing.sd_below.toFixed(1) + "
is located two standard deviations below the mean and
" + globalThing.sd _above.toFixed(1) + " is located two
standard deviations above the mean.

Thus, 95% of plants are between " +
globalThing.sd below.toFixed(1) + " and " +
globalThing.sd _above.toFixed(1) + " inches tall.";
}

if(globalThing.sd_multiplier==3) {

var solution =99.7;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
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with a normal distribution, 99.7% of data values fall
within three standard deviations of the mean.

In this example, " + globalThing.sd_below.toFixed(1) + "
Is located three standard deviations below the mean
and " + globalThing.sd_above.toFixed(1) + " is located
three standard deviations above the mean.

Thus, 99.7% of plants are between " +
globalThing.sd below.toFixed(1) + " and " +
globalThing.sd _above.toFixed(1) + " inches tall.";
}

} /llend between

if(globalThing.q_selected=="less than") {
if(globalThing.sd_multiplier==1) {
if(globalThing.sd_selected==globalThing.sd_above) {
var solution = 84;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 68% of data values fall within
one standard deviation of the mean. This means that
34% of values fall between the mean and one standard
deviation above the mean.

In this example, " + globalThing.sd _above.toFixed(1) + "
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IS located one standard deviation above the mean.
Since we know that 50% of data values fall below the
mean in a normal distribution, a total of 50% + 34% =
84% of values fall below " +
globalThing.sd _above.toFixed(1) + ".

Thus, 84% of plants are less than " +
globalThing.sd _above.toFixed(1) + " inches tall.";
} else {

var solution = 16;

document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 68% of data values fall within
one standard deviation of the mean. This means that
34% of values fall between the mean and one standard
deviation below the mean.

In this example, " + globalThing.sd_below.toFixed(1) + "
Is located one standard deviation below the mean.
Since we know that 50% of data values fall above the
mean in a normal distribution, a total of 50% + 34% =
84 % of values fall above ! +
globalThing.sd _below.toFixed(1) + ". This means that
100% - 84% = 16% of values fall below " +
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globalThing.sd _below.toFixed(1) + ".

Thus, 16% of plants are less than " +
globalThing.sd _below.toFixed(1) + " inches tall.";
}
}

if(globalThing.sd_multiplier==2) {
if(globalThing.sd_selected==globalThing.sd _above) {
var solution = 97.5;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 95% of data values fall within
two standard deviations of the mean. This means that
47.5% of values fall between the mean and two standard
deviations above the mean.

In this example, " + globalThing.sd _above.toFixed(1) + "
Is located two standard deviations above the mean.
Since we know that 50% of data values fall below the
mean in a normal distribution, a total of 50% + 47.5% =

97.5% of values fall below " -
globalThing.sd _above.toFixed(1) + ".
Thus, 97.5% of plants are less than " +

globalThing.sd_above.toFixed(1) + " inches tall.";
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} else{

var solution = 2.5;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 95% of data values fall within
two standard deviations of the mean. This means that
47.5% of values fall between the mean and two standard
deviations below the mean.

In this example, " + globalThing.sd_below.toFixed(1) + "
Is located two standard deviations below the mean.
Since we know that 50% of data values fall above the
mean in a normal distribution, a total of 50% + 47.5% =
97.5% of values fall above " +
globalThing.sd _below.toFixed(1) + ". This means that
100% - 97.5% = 2.5% of values fall below " +
globalThing.sd _below.toFixed(1) + ".

Thus, 2.5% of plants are less than " +
globalThing.sd _below.toFixed(1) + " inches tall.";

}

}
if(globalThing.sd_multiplier==3) {
if(globalThing.sd_selected==globalThing.sd_above) {
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var solution = 99.85;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 99.7% of data values fall
within three standard deviations of the mean. This
means that 49.85% of values fall between the mean and
three standard deviations above the mean.

In this example, " + globalThing.sd _above.toFixed(1) + "
IS located three standard deviations above the mean.
Since we know that 50% of data values fall below the
mean in a normal distribution, a total of 50% + 49.85% =
99.85% of values fall below ! +
globalThing.sd _above.toFixed(1) + ".

Thus, 99.85% of plants are less than " +
globalThing.sd _above.toFixed(1l) + " inches tall.";
} else{

var solution = 0.15;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 99.7% of data values fall
within three standard deviations of the mean. This
means that 49.85% of values fall between the mean and
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three standard deviations below the mean.

In this example, " + globalThing.sd_below.toFixed(1) + "
Is located three standard deviations below the mean.
Since we know that 50% of data values fall above the
mean in a normal distribution, a total of 50% + 49.85% =
99.85% of values fall above ! +
globalThing.sd_below.toFixed(1) + ". This means that
100% - 99.85% = 0.15% of values fall below " +
globalThing.sd _below.toFixed(1) + "

Thus, 0.15% of plants are less than " +
globalThing.sd _below.toFixed(1) + " inches tall.";
}
}

} /lend less than

if(globalThing.q_selected=="greater than") {
if(globalThing.sd_multiplier==1) {
if(globalThing.sd_selected==globalThing.sd_above) {
var solution = 16;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 68% of data values fall within
one standard deviation of the mean. This means that
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34% of values fall between the mean and one standard
deviation above the mean.

In this example, " + globalThing.sd _above.toFixed(1) + "
IS located one standard deviation above the mean.
Since we know that 50% of data values fall below the
mean in a normal distribution, a total of 50% + 34% =
84 % of values fall below " +
globalThing.sd _above.toFixed(1) + ". This means that
100% - 84% = 16% of values fall above " +
globalThing.sd _above.toFixed(1) + ".

Thus, 16% of plants are greater than " +
globalThing.sd _above.toFixed(1) + " inches tall.";
} else{

var solution = 84;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 68% of data values fall within
one standard deviation of the mean. This means that
34% of values fall between the mean and one standard
deviation below the mean.

In this example, " + globalThing.sd_below.toFixed(1) + "
IS located one standard deviation below the mean.
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Since we know that 50% of data values fall above the
mean in a normal distribution, a total of 50% + 34% =
84 % of values fall above ! +
globalThing.sd _below.toFixed(1) + ".

Thus, 84% of plants are greater than " +
globalThing.sd _below.toFixed(1) + " inches tall.";
}
}

if(globalThing.sd_multiplier==2) {
if(globalThing.sd_selected==globalThing.sd_above) {
var solution = 2.5;
document.getElementByld('solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 95% of data values fall within
two standard deviations of the mean. This means that
47.5% of values fall between the mean and two standard
deviations above the mean.

In this example, " + globalThing.sd _above.toFixed(1) + "
Is located two standard deviations above the mean.
Since we know that 50% of data values fall below the
mean in a normal distribution, a total of 50% + 47.5% =
97.5% of values fall below " +
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globalThing.sd _above.toFixed(1) + ". This means that
100% - 97.5% = 2.5% of values fall above " +
globalThing.sd _above.toFixed(1) + ".

Thus, 2.5% of plants are greater than " +
globalThing.sd _above.toFixed(1) + " inches tall.";
} else{

var solution = 97.5;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 95% of data values fall within
two standard deviations of the mean. This means that
47.5% of values fall between the mean and two standard

deviations below the mean.

In this example, " + globalThing.sd_below.toFixed(1) + "
Is located two standard deviations below the mean.
Since we know that 50% of data values fall above the
mean in a normal distribution, a total of 50% + 47.5% =

97.5% of values fall above " -
globalThing.sd _below.toFixed(1) + ".
Thus, 97.5% of plants are greater than " +

globalThing.sd_below.toFixed(1) + " inches tall.";
}
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}

if(globalThing.sd_multiplier==3) {
if(globalThing.sd_selected==globalThing.sd_above) {
var solution = 0.15;
document.getElementByld(‘'solution_words').innerHTML
= "The Empirical Rule states that for a given dataset
with a normal distribution, 99.7% of data values fall
within three standard deviations of the mean. This
means that 49.85% of values fall between the mean and
three standard deviations above the mean.

In this example, " + globalThing.sd _above.toFixed(1) + "
IS located three standard deviations above the mean.
Since we know that 50% of data values fall below the
mean in a normal distribution, a total of 50% + 49.85% =
99.85% of values fall below ! +
globalThing.sd above.toFixed(1) + ". This means that
100% - 99.85% = 0.15% of values fall above " +
globalThing.sd _above.toFixed(1) + ".

Thus, 0.15% of plants are greater than " +
globalThing.sd _above.toFixed(1) + " inches tall.";
} else {

var solution = 99.85;
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document.getElementByld(‘'solution_words').innerHTML

= "The Empirical Rule states that for a given dataset

with a normal distribution, 99.7% of data values fall

within three standard deviations of the mean. This

means that 49.85% of values fall between the mean and

three standard deviation below the mean.

In this example, " + globalThing.sd below.toFixed(1) + "

is located three standard deviations below the mean.

Since we know that 50% of data values fall above the

mean in a normal distribution, a total of 50% + 49.85% =

99.85% of values fall above !
globalThing.sd _below.toFixed(1) + ".

Thus, 99.85% of plants are greater than

globalThing.sd_below.toFixed(1) + " inches tall.

}
}

} /llend greater than

/ltoggle hide/show solution

var solution_div
document.getElementByld("solution_div");
solution_div.style.display = "block";

+

+
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} llend massive solution() function

function gen() {

var mean = Math.round(jStat.uniform.sample(20,
50)*10)/10;

var sd = Math.round(jStat.uniform.sample(2, 6)*10)/10;

var sd_options =;
globalThing.sd_multiplier = sd_options;

globalThing.sd _above = mean : (-
globalThing.sd_multiplier*sd);
globalThing.sd _below = mean -
(globalThing.sd _multiplier*sd);

sd_above below =;
globalThing.sd_selected = sd_above below;

var q_options =;
globalThing.q_selected = q_options;

if (globalThing.q_selected =="less than") {
document.getElementByld('scenario’).innerHTML =
"less than " + globalThing.sd_selected.toFixed(1);

} else if (globalThing.q_selected =="greater than") {
document.getElementByld('scenario’).innerHTML =
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"greater than " + globalThing.sd_selected.toFixed(1);

} else{
document.getElementByld('scenario’).innerHTML =
"between " + globalThing.sd_below.toFixed(1) + " and "
+ globalThing.sd_above.toFixed(1);

}

/ffill in mean and sd in initial question
document.getElementByld('mean').innerHTML = mean;
document.getElementByld('sd").innerHTML = sd,;

/ltoggle answer & solution to hide and clear input field
var result _display =
document.getElementByld("words_output");
result_display.style.display = "none";

var solution_div =
document.getElementByld("solution_div");

solution div.style.display = "none";
document.getElementByld('answer').value ="";

} /lend massive gen() function

/lgenerate initial question
gen();
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