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How to Easily Calculate Mallows’ Cp for Model Selection in R

Selecting the optimal subset of predictor variables is a fundamental challenge in regression
analysis. When constructing a statistical model, analysts often face humerous plausible models,
each containing a slightly different combination of inputs. The goal is to find the most parsimonious
model—one that explains the variation in the response variable accurately without incorporating
extraneous variables that add noise or complexity. To navigate this choice, various metrics are
employed, and among the most respected is Mallows' Cp.

Mallows' Cp (or Mallows' Coefficient of Prediction) is a powerful diagnostic tool designed to help
evaluate the trade-off between the bias introduced by underfitting (omitting relevant variables) and
the variance introduced by overfitting (including irrelevant variables). It provides an estimate of the
expected squared error of prediction, effectively quantifying the effectiveness of a model based on
a subset of predictors compared to a full model containing all possible predictors.

The Role of Mallows' Cp in Model Selection

In practical applications of predictive modeling, particularly within the domain of multiple linear
regression, analysts must systematically evaluate competing models. Simply choosing the model
with the highest R-squared value is often misleading, as adding any variable, regardless of its
significance, will increase the R-squared. Mallows' Cp addresses this limitation by focusing on the
total error associated with the model, encompassing both random error and potential bias resulting
from model simplification.

The metric is calculated based on the assumption that a "full* model, containing all hypothesized
predictor variables, is available. The Cp statistic then assesses how well a smaller, subset model
approximates the performance of this full model. A primary advantage of using Mallows' Cp over
metrics like the standard R-squared is its innate ability to penalize models that deviate significantly
from the unbiased fit provided by the complete model, steering the researcher toward models that
maintain high predictive accuracy while remaining reasonably simple.

When comparing several candidate models, the selection criterion is straightforward: we seek the
model whose Cp value is both small and approximately equal to p + 1. Here, p represents the
number of predictors included in the subset model being evaluated. A Cp value close to p + 1
suggests that the bias introduced by excluding predictors is negligible, meaning the subset model
is a nearly unbiased estimator of the true underlying relationship, much like the full model.

Defining and Interpreting Mallows' Cp

The formal definition of Mallows' Cp is derived from the residual sum of squares (RSS) of both the
subset model and the full model. The calculation normalizes the residual error of the subset model
relative to the estimated variance of the error term derived from the full model. This normalization
process allows the Cp value to directly estimate the standardized total mean squared error of
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prediction, making it a powerful measure for comparison across different model sizes.

The key to effective utilization of Cp lies in understanding the critical benchmark: the ideal model
exhibits a Cp value roughly equal to the number of parameters it contains (which is p, the number
of predictors, plus 1 for the intercept).

Cp = p + 1: This indicates a model where the bias is minimized. The model is considered
adequate, as the prediction error is mainly attributed to random variability, not systematic bias from
variable omission.

Cp > p + 1: This suggests that the subset model is significantly biased. The large value indicates
that important predictor variables were likely excluded from the model, leading to systematic
underestimation or overestimation of the response.

Cp < p + 1: While seemingly desirable, this often occurs when the estimated variance (used in the
Cp formula denominator) is slightly high, or it can happen randomly. In practice, models with the
lowest Cp value that are also near or slightly below p + 1 are strong candidates.

Therefore, when reviewing a list of potential subset models, the analyst seeks the model with the
minimum Cp value that is simultaneously close to its corresponding p + 1 line. This duality ensures
that the chosen model achieves high predictive quality without unnecessary complexity.

Prerequisites: Setting up the R Environment

Calculating Mallows' Cp efficiently in R is best accomplished using specialized packages designed
for comprehensive regression analysis diagnostics. While manual calculation is possible, the use

of functions that handle the necessary intermediate steps, such as computing the residual sum of
squares and estimating the error variance from the full model, drastically simplifies the workflow.
The most user-friendly approach involves utilizing the olsrr package, which stands for "Ordinary
Least Squares Regression."

The olsrr package provides the dedicated function “ols_mallows_cp()’, which streamlines the
process of comparing subset models against a baseline full model. Before proceeding with the
calculation, ensure that this package is installed and loaded into your current R session.
Installation is typically done via “install.packages("olsrr")’, followed by invoking the library function.

It is paramount that the comparison is anchored by a correctly specified full model. The full model
should ideally include all variables that the analyst suspects might be relevant. The subset models
are then tested against the performance benchmark established by this full model, allowing the Cp
statistic to quantify the cost (in terms of increased mean squared error) of removing specific
predictor variables. This careful setup ensures the accuracy and reliability of the resulting Cp
values.
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Detailed Example: Calculating Mallows' Cp in R

To illustrate the practical application of Mallows' Cp, we will use the built-in “'mtcars” dataset in R,
which contains measurements on various automobile characteristics. Our objective is to determine
the optimal subset of predictors for modeling miles per gallon (mpg). We will define a
comprehensive full model and then test three alternative subset models against it using the
“ols_mallows_cp()" function from the olsrr package.

First, we must specify the models we intend to compare. The full model will include all available
predictors in the ‘'mtcars’ dataset (excluding the response variable itself). The three comparison
models represent different degrees of simplification:

Predictor variables in Full Model: All 10 variables
Predictor variables in Model 1: disp, hp, wt, gsec
Predictor variables in Model 2: disp, gsec
Predictor variables in Model 3: disp, wt

The following R code block demonstrates how to fit these models using the standard “Im()" function
and subsequently calculate the Mallows' Cp statistic for each subset model relative to the
“full_model:

library(olsrr)

#fit full model (using all variables represented by '.")
full_model <- Im(mpg ~ ., data = mtcars)

#fit three smaller models

modell <- Im(mpg ~ disp + hp + wt + gsec, data = mtcars)
model2 <- Im(mpg ~ disp + gsec, data = mtcars)

model3 <- Im(mpg ~ disp + wt, data = mtcars)

#calculate Mallows' Cp for each model against the full model
ols_mallows_cp(modell, full_model)

4.430434
ols_mallows_cp(model2, full_model)
18.64082
ols_mallows_cp(model3, full_model)

9.122225

PSYCHOLOGICAL SCALES scales.arabpsychology.com



https://cran.r-project.org/web/packages/olsrr/index.html
https://www.r-project.org/
https://scales.arabpsychology.com/?p=105530
https://scales.arabpsychology.com
https://scales.arabpsychology.com

How to Easily Calculate Mallows’ Cp for Model Selection in R

Step-by-Step Interpretation of the Cp Values

Once the Cp values are calculated, the next critical step is to interpret these results by comparing
the Cp statistic to the expected benchmark (p + 1), where p is the count of predictor variables in
the subset model being evaluated. A clear comparison allows us to identify which model provides
the best balance between fit and parsimony, minimizing prediction bias.

Let's break down the results for each model based on the output obtained from the olsrr function:

Model 1: This model contains 4 predictors. The ideal benchmark is p + 1 = 5. The calculated
Mallows' Cp is 4.43.

Model 2: This model contains 2 predictors. The benchmark is p + 1 = 3. The calculated Mallows'
Cpis 18.64.

Model 3: This model contains 2 predictors. The benchmark is p + 1 = 3. The calculated Mallows'
Cpis 9.12.

Based on this analysis, Model 1 is the superior choice. Its Cp value (4.43) is exceptionally close to
its target benchmark (5). This proximity indicates that Model 1, despite having only four predictors,
achieves a residual error that is highly comparable to the full model, suggesting that the variables
omitted (the other six) do not significantly contribute to reducing the prediction bias. Conversely,
Models 2 and 3 show Cp values (18.64 and 9.12, respectively) significantly higher than their
respective benchmarks (3 and 3), confirming that these simplified models suffer from substantial
prediction bias due to the exclusion of important predictors.

Why Mallows' Cp Works: Bias vs. Variance Trade-off

The power of Mallows' Cp lies in its direct estimation of the total mean squared error (MSE), which
is intrinsically linked to the classical bias-variance trade-off in statistical modeling. When we
simplify a model (reduce p), we intentionally introduce some bias, but we simultaneously reduce
the variance of the predictions. If the reduction in variance substantially outweighs the introduction
of bias, the overall predictive accuracy improves, and Cp will reflect this positive outcome by
remaining close top + 1.

The mean squared error can be conceptually decomposed into three parts: the variance of the
estimator, the squared bias of the estimator, and the irreducible error. An ideal model selection
metric must find the sweet spot where the combined sum of variance and squared bias is
minimized. Cp serves this function by penalizing models that are too small (high bias) and implicitly
favoring models that are parsimonious without being overly biased.

Models with a large Cp relative to p + 1 are deemed unacceptable because the increase in
prediction error is dominated by the newly introduced squared bias. This severe penalty signals
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that the model is suffering from underfitting--key relationships are being missed. By guiding the
analyst toward models where Cp = p + 1, the statistic ensures the selected model captures the
essential structure of the data while avoiding the noise and instability associated with overly
complex, high-variance models.

Key Considerations and Limitations of Mallows' Cp

While Mallows' Cp is a robust tool, users must be aware of certain considerations that affect its
interpretation and use. Primarily, the validity of Cp relies heavily on the assumption that the full
model used as the benchmark is, in fact, the correct model, or at least provides a sufficiently good
estimate of the true error variance ($hat{sigma}*23$). If the full model itself is misspecified or lacks
critical predictors, the Cp values calculated for the subset models may be misleading.

Furthermore, analysts must handle results where multiple models yield acceptable Cp values (i.e.,
multiple models have Cp close to p + 1). In such cases, the principle of parsimony should prevail:
choose the model with the fewest predictor variables among the group of acceptable models. If
several potential models have low values for Cp, selecting the one with the absolute lowest Cp
value is generally recommended, provided it maintains proximity to its p + 1 line.

A high value for Mallows' Cp across *every* potential subset model, including models with large
numbers of predictors, is a strong diagnostic signal that an important structural problem exists.
This situation often indicates that crucial predictor variables are missing entirely from the set
being analyzed, or that the linear model assumption itself may be inappropriate for the data,
necessitating transformations or alternative modeling techniques.

Integrating Cp with Other Model Selection Metrics

It is crucial to remember that Mallows' Cp is only one facet of model evaluation. Best practices in

regression analysis advocate for a multi-metric approach, where decisions are corroborated by
multiple, independent statistics. Metrics often used in conjunction with Cp include the Akaike
Information Criterion (AIC), the Bayesian Information Criterion (BIC), and perhaps most commonly,
the Adjusted R-squared.

The Adjusted R-squared, unlike the standard R-squared, imposes a penalty for the inclusion of

unnecessary variables. When comparing models, a good candidate model should ideally possess

both a low Mallows' Cp (close to p + 1) and a high Adjusted R-squared value. If these two metrics
align--for example, if Model 1 yields the lowest appropriate Cp and also the highest Adjusted R-
squared among the candidates--the confidence in selecting that model is significantly increased.

Ultimately, the selection process is a balance between statistical rigor and domain expertise. While
Cp provides quantitative guidance on bias and mean squared error, final decisions should also
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incorporate practical considerations, such as the interpretability of the coefficients and the
theoretical relevance of the included predictor variables. Using Cp in this integrated framework
ensures robust and defensible model choices.

Conclusion

Mallows' Cp is an invaluable tool for subset selection in multiple linear regression, helping

statisticians and data scientists identify models that minimize prediction error by effectively
balancing bias and variance. By leveraging dedicated R packages like olsrr, the calculation and
interpretation of this metric become straightforward, allowing for rapid and informed comparison of
candidate models. The optimal model is always the one that achieves the minimal Cp value that is
closest to its parameter count plus one (p + 1), signaling unbiased and efficient prediction.
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