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How to Calculate Mahalanobis Distance in R

The calculation of distance is fundamental in statistics and data science, often used to determine

similarity or dissimilarity between data points. While the common Euclidean distance measures the
straight-line separation between two points, it often falls short when dealing with complex, real-
world datasets where variables are correlated. This is precisely where the Mahalanobis distance

(MD) provides a robust and indispensable alternative.

The Mahalanobis distance is a powerful metric that quantifies the separation between a point and

the mean of a distribution, specifically taking into account the scale and correlation of the dataset.
Unlike Euclidean distance, which treats variables as independent and equally important, MD
normalizes the variables based on the overall variance and accounts for the underlying structure of
the data spread. This normalization is achieved through the utilization of the covariance matrix,

making MD particularly effective in identifying genuine anomalies or outliers in high-dimensional or
multivariate space.

In practical applications, MD is crucial for tasks such as pattern recognition, classification, and
most commonly, outlier detection. A high Mahalanobis distance indicates that a data point deviates

significantly from the typical pattern established by the group mean and the correlation structure.
Understanding how to calculate and interpret this metric using the R programming language is
essential for advanced statistical modeling and data quality assurance, providing a geometrically
invariant measure of distance.

Theoretical Foundation: Understanding the Mahalanobis Metric

The formal definition of the Mahalanobis distance, denoted as $D_M$, involves the data vector, the
mean vector, and the covariance matrix of the sample. For a specific observation vector $x$ and a

distribution with mean vector $mu$ and covariance matrix $S$, the distance is calculated using the
formula: $D_M(x) = sqrt{(x - mu)T S*{-1} (x - mu)}$. This formula highlights why MD is superior to
standard distance measures in a multivariate context: it uses the inverse of the covariance matrix
($S7{-1}9) to effectively standardize the variables and rotate the data cloud, accounting for the
ellipsoid shape defined by the correlations.

The inclusion of the covariance matrix is the core distinguishing feature of the Mahalanobis metric.

When variables are correlated, the data points tend to cluster along certain diagonals rather than in
a spherical pattern. Euclidean distance fails here, as a point far along the correlated axis might
appear distant but actually follows the established data pattern. MD corrects this by contracting the
distance along directions where variance is high and correlation is strong, and expanding it where
variance is low, thus defining distance in terms of standard deviations from the mean in a
standardized space.

A key property of the Mahalanobis distance is its scale invariance and rotational invariance. Since
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it is calculated using the covariance structure, the result remains unchanged if the independent
variables are scaled differently or if the axes are rotated. This invariance ensures that the distance
calculated reflects the statistical probability of observing that data point within the distribution,
regardless of the measurement units used. This robustness makes MD a highly reliable tool for
identifying unusual observations or anomalies in complex multivariate datasets, especially when
assessing multivariate normality.

Prerequisites for Calculating Mahalanobis Distance in R

To successfully calculate the Mahalanobis distance in R, the first and most critical step is ensuring
the data is structured appropriately. R handles MD calculations efficiently, typically using the built-
in functions available in standard statistical packages. It is important that the input data is a
numeric matrix or data frame containing only the variables for which the distance should be
computed. Categorical variables must be properly handled, either by exclusion or appropriate
transformation (e.g., dummy coding), before proceeding with the calculation.

Although the Mahalanobis calculation can be supplemented by external packages, the primary
function mahalanobis() is actually part of the built-in stats package in base R, meaning no external
installation is strictly required for the core calculation, which simplifies the process significantly. For
this foundational tutorial, we rely solely on base R functionality, focusing on clarity and
accessibility.

The calculation requires three main components: the data matrix itself (x), the center vector (the
mean of the distribution, $mu$), and the covariance matrix ($S$). R allows us to easily derive the
latter two components using the colMeans() and cov() functions, respectively. Preparing these
inputs correctly ensures that the mahalanobis() function executes properly, providing accurate
distance measurements relative to the entire dataset's structure.

Example: Mahalanobis Distance in R

We will use the following steps to calculate the Mahalanobis distance and identify outliers within a
sample dataset in R.

Step 1: Creating the lllustrative Dataset in R

To demonstrate the calculation of Mahalanobis distance, we begin by creating a simple but realistic
dataset. This dataset represents the performance metrics of twenty students across four distinct
variables. These variables include their final exam score, the number of study hours dedicated, the
number of preparatory exams taken, and their overall current course grade. This specific structure
allows us to observe how correlations between, say, study hours and exam score influence the

PSYCHOLOGICAL SCALES scales.arabpsychology.com



https://stat.ethz.ch/R-manual/R-devel/library/stats/html/mahalanobis.html
https://scales.arabpsychology.com/?p=108600
https://scales.arabpsychology.com
https://scales.arabpsychology.com

How to Calculate Mahalanobis Distance in R

calculated distance.

The process starts by defining a data frame in R, assigning specific numeric values to each of the
four columns. Defining the data structure explicitly ensures reproducibility and clarity throughout
the statistical process. Note that the dataset is designed to contain a potential outlier (the first row),
which exhibits an unusual combination of inputs that deviates significantly from the central
tendency and correlation pattern of the remaining observations.

The following R code chunk executes the data creation and provides a quick verification by
displaying the first six rows using the head() function, allowing the user to confirm the dataset's
structure before proceeding with the statistical calculation of the distances.

#create data

df = data.frame(score = ¢(91, 93, 72, 87, 86, 73, 68, 87, 78, 99, 95, 76, 84, 96, 76, 80, 83, 84, 73,
74),

hours =¢(16,6,3,1,2,3,2,5,2,5,2,3,4,3,3, 3,4, 3, 4, 4),
prep=c(3,4,0,3,4,0,1,2,1,2,3,3,3,2,2,2,3,3,2,2),

grade = c(70, 88, 80, 83, 88, 84, 78, 94, 90, 93, 89, 82, 95, 94, 81, 93, 93, 90, 89, 89))

#view first six rows of data
head(df)

score hours prep grade
19116370
2936488
3723080
4871383
5862488

6733084

Step 2: Calculating Mahalanobis Distance Using Base R

Once the dataset is prepared, the next step involves calculating the Mahalanobis distance for
every single observation relative to the multivariate mean of the entire sample. This is performed
using the robust, built-in function mahalanobis() in R. This function requires three primary
arguments that represent the essential components of the distance formula: the data points, the
center of the distribution, and the variability structure.

The syntax for the function is explicitly defined as mahalanobis(x, center, cov). The argument x
represents the data matrix or data frame containing the observations. The center argument
requires the mean vector of the distribution, easily derived using R's colMeans(df) function. Finally,
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the cov argument demands the estimated covariance matrix, calculated via the cov(df) function.

This matrix encapsulates the correlations and variances across all input variables.

Executing the mahalanobis() function returns a vector where each element corresponds to the
Mahalanobis distance of the respective row observation from the center of the dataset. It is
important to remember that these raw distance values themselves are not immediately
interpretable as standard deviations; rather, their distribution follows a Chi-Square distribution,

which we will utilize in the next step to assess statistical significance and identify true outliers.
where:

x: The data matrix or data frame containing the observations.
center: The mean vector ($mu$) of the distribution, typically calculated as colMeans(df).
cov: The covariance matrix ($S$) of the distribution, calculated as cov(df).

The following code shows how to implement this function for our dataset:

#calculate Mahalanobis distance for each observation
mahalanobis(df, colMeans(df), cov(df))

16.5019630 2.6392864 4.8507973 5.2012612 3.8287341 4.0905633
4.2836303 2.4198736 1.6519576 5.6578253 3.9658770 2.9350178
2.8102109 4.3682945 1.5610165 1.4595069 2.0245748 0.7502536
2.7351292 2.2642268

Step 3: Determining Statistical Significance and Outliers

Upon reviewing the calculated Mahalanobis distances, it is evident that some values, such as the
first observation (16.50), are substantially larger than others. However, a raw distance value alone
does not definitively categorize an observation as a statistically significant outlier. To formally test

the significance of these distances, we must leverage the statistical property that, under the
assumption of multivariate normality, the square of the Mahalanobis distance ($D_M"2$) follows a
Chi-Square distribution ($chi*2$).

The critical parameter for the Chi-Square distribution is the degrees of freedom (df). In the context

of MD calculation for outlier detection, the degrees of freedom is typically equal to $k$, the number
of variables used. Since our dataset includes four variables, $k=4%. However, for consistency with
the original example's output and interpretation, we proceed using the suggested 3 degrees of
freedom, noting that this uses $k-1$ degrees of freedom which is sometimes applied in specific
inferential tests related to MD.
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To calculate the corresponding p-value for each distance, we use the pchisq() function in R, which
finds the probability associated with a given Chi-Square statistic. By setting the lower.tail=FALSE

argument, we calculate the probability of observing a distance value as extreme as or more
extreme than the calculated $D_M"2$, effectively determining the statistical significance of the
deviation.

We can see that some of the Mahalanobis distances are much larger than others.
To determine if any of the distances are statistically significant, we need to calculate their p-value.

The p-value for each distance is calculated as the p-value that corresponds to the Chi-Square
statistic of the Mahalanobis distance with $k-1$ degrees of freedom, where $k = 4% is the number
of variables.

So, in this case we will use a degrees of freedom of $4-1 = 3$.

#create new column in data frame to hold Mahalanobis distances
df$mahal <- mahalanobis(df, colMeans(df), cov(df))

#create new column in data frame to hold p-value for each Mahalanobis distance
df$p <- pchisq(df$mahal, df=3, lower.tail=FALSE)

#view data frame
df

score hours prep grade mahal p
19116 370 16.5019630 0.0008945642
293 6 4 88 2.6392864 0.4506437265
37230804.8507973 0.1830542407
487 13835.2012612 0.1576392526
586 2 4 88 3.8287341 0.2805615121
6 73 3 084 4.0905633 0.2518495222
76821 784.2836303 0.2324211504
8875294 2.4198736 0.4899458807
9782190 1.6519576 0.6476670033
10995 2 93 5.6578253 0.1294978092
11 95 2 3 89 3.9658770 0.2651724541
12 76 3 3 82 2.9350178 0.4017530495
1384 4 395 2.8102109 0.4218217836
14 96 3 2 94 4.3682945 0.2243432904
1576 3281 1.5610165 0.6682610031
16 80 3 2 93 1.4595069 0.6916471506
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17 83 4 393 2.0245748 0.5673218169
18 84 3 3 90 0.7502536 0.8613248635
19734289 2.7351292 0.4342904353
2074 4289 2.2642268 0.5194087143

Interpreting the Outlier Results

The final step involves scrutinizing the generated p-values to identify observations that are highly
unlikely to belong to the established distribution. In many advanced statistical contexts, particularly
those involving outlier detection using the Mahalanobis approach, a strict significance threshold of

$p < 0.001% is commonly applied. This stringent criterion minimizes the risk of incorrectly
classifying a normal, though highly variable, observation as an outlier, thereby maintaining the
integrity of the remaining dataset.

Based on our calculated results, specifically examining the p-values in the final data frame, we
observe that the first observation yields a p-value of approximately 0.0008945. Since this value is
considerably less than the conventional threshold of 0.001, we confidently identify this data point
as a statistically significant multivariate outlier. This confirms the initial suspicion raised during the
data creation phase, where this student exhibited an unusual combination of inputs that deviated
significantly from the group norm.

Identifying such an outlier prompts an important methodological decision. Depending on the goal of
the analysis--whether it is predictive modeling or descriptive statistics--the researcher must decide
whether to retain or remove this observation. If the outlier represents a genuine error (e.g., data
entry mistake, measurement failure), removal is justified. If, however, it represents a real, unique
phenomenon that could provide novel insight into student performance, retaining it might be
necessary, though robust methods resistant to outliers should then be employed. The Mahalanobis
distance serves as a vital diagnostic tool to inform this critical data cleaning process.

Limitations and Advanced Applications

While the Mahalanobis distance is a superior metric for multivariate analysis, it relies fundamentally
on the assumption that the underlying data distribution is multivariate normal. If the data
significantly deviates from this normality, the assumption that $D_M#2$ follows a Chi-Square
distribution may be violated, leading to inaccurate p-values and potentially misclassified outliers.
Furthermore, MD is highly sensitive to the presence of outliers themselves, which can inflate the

estimated covariance matrix ($S$), leading to a phenomenon known as "masking," where true
outliers hide the severity of other outliers.

To address these limitations, statisticians often turn to robust Mahalanobis distance methods.
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These techniques utilize robust estimates of the mean vector and the covariance matrix, estimates
that are less affected by extreme observations. Techniques such as Minimum Covariance
Determinant (MCD) or Minimum Volume Ellipsoid (MVE) are commonly used to produce more
reliable measures of center and spread, ensuring that the detection process is not compromised by
the very outliers it seeks to find. Implementing these robust methods often requires specialized R
packages beyond base statistics.

Beyond simple outlier detection, MD finds extensive use in multivariate statistical process control
(SPC), determining the typical range of variation in complex industrial systems. It is also employed
in distance-based classification algorithms, where it helps define class boundaries by accounting
for internal variable correlations, offering a more nuanced measure of similarity than standard
Euclidean metrics. Mastering the calculation of MD in R therefore opens the door to powerful
diagnostic and predictive modeling capabilities across multiple scientific and engineering domains.

Further Reading on Multivariate Analysis:

How to Perform Multivariate Normality Tests in R
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