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In the realm of statistics, understanding discrete probability distributions is fundamental for

modeling real-world phenomena. Two commonly used distributions are the binomial distribution

and the geometric distribution.

These distributions are essential tools when dealing with sequences of independent trials that

result in one of two outcomes (success or failure). While they share critical underlying

assumptions, their applications differ significantly based on whether the number of trials is fixed or

variable.

This comprehensive tutorial provides a detailed explanation of each distribution, examining the

mathematical framework, and highlighting the crucial similarities and distinctions between the two

powerful statistical models. Mastering these concepts is vital for anyone analyzing discrete event

data.

The Binomial Distribution: Modeling Fixed Trials

The binomial distribution describes the probability of obtaining exactly k successes in a fixed

number of n independent trials. This distribution is predicated on the concept of a Bernoulli trial,

where each repetition results in either success or failure, and the outcome of one trial does not

influence the outcome of any other. The number of trials, n, must be predetermined before the

experiment begins.

A key characteristic of the binomial distribution is the presence of four strict conditions: the

experiment consists of a fixed number of trials (n); each trial is independent; each trial has only two

possible outcomes (success or failure); and the probability of success (p) remains constant from

trial to trial. If a set of observations meets these four criteria, the data is modeled using the

binomial framework.

If a random variable X follows a binomial distribution, then the probability that X = k successes can

be found by the following formula. This formula combines the probability of achieving k successes,

the probability of achieving n-k failures, and the number of ways these successes can occur within

the n trials:

P(X=k) = nCk * pk * (1-p)n-k

where the parameters are defined precisely:

n: The total number of trials conducted in the experiment.

k: The specific number of successes we are interested in calculating the probability for.

p: The probability of success on any single, given trial.

nCk: This is the binomial coefficient, representing the number of ways to obtain exactly k

successes in n trials, calculated as n! / (k! * (n-k)!).
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For example, suppose we flip a fair coin 3 times (n=3), where success is defined as landing on

heads (p=0.5). We can use the formula above to determine the probability of obtaining 0 heads

(k=0) during these 3 flips. This calculation shows the likelihood of observing only failures across

the fixed trial sequence:

P(X=0) = 3C0 * .50 * (1-.5)3-0 = 1 * 1 * (.5)3 = 0.125

The Geometric Distribution: Modeling Waiting Time

The geometric distribution, unlike its binomial counterpart, focuses on the number of trials

required to achieve the very first success. It describes the probability that the first success occurs

on the k-th trial, meaning we observe k-1 consecutive failures followed by a single success. This

distribution is often referred to as a "waiting time" model.

The key defining feature of the geometric distribution is the absence of a fixed number of trials.

The experiment continues indefinitely until the first successful outcome is observed. Like the

binomial model, the trials must be independent, and the probability of success (p) must remain

constant throughout the experiment. It is fundamentally concerned with the number of trials before

termination.

If a random variable X follows a geometric distribution, we are typically calculating the probability of

experiencing k failures before experiencing the first success. Since the trials are independent, this

is simply the product of the probability of failure repeated k times, multiplied by the probability of

success on the final (k+1)-th trial:

P(X=k) = (1-p)kp

where:

k: The number of failures that occur sequentially before the first success is observed.

p: The constant probability of success on each individual trial.

(1-p): The probability of failure on each individual trial.

For example, suppose we want to know how many times we'll have to flip a fair coin (p=0.5) until it

lands on heads (the first success). We can use the formula above to determine the probability of

experiencing 3 "failures" (tails, k=3) before the coin finally lands on heads on the fourth flip.

P(X=3 failures) = (1 - 0.5)³ * 0.5 = (0.5)³ * 0.5 = 0.125 * 0.5 = 0.0625. This means there is a 6.25%

chance that the first head occurs specifically on the fourth toss.
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Shared Foundations: The Bernoulli Process Assumptions

Despite their differing purposes--counting successes versus counting trials to the first success--the

binomial distribution and the geometric distribution share fundamental similarities rooted in the

Bernoulli process. Understanding these shared assumptions is crucial for correctly applying either

model to statistical problems.

The binomial and geometric distribution share the following core similarities, derived directly from

the requirements of independent, repeated Bernoulli trials:

Dichotomous Outcomes: The outcome of the experiments in both distributions can only be

classified as one of two mutually exclusive events: "success" or "failure." There is no third

possibility allowed.

Constant Probability: The probability of success (p) must be identical for every single trial. This is

perhaps the most restrictive and important assumption, ensuring the sequence is predictable.

Independence: Each trial is independent of all others. The result of one coin flip or medical test

does not influence the outcome of the subsequent flips or tests.

These shared attributes confirm that both models are used exclusively for discrete data where the

underlying process involves identical, repeatable attempts under identical conditions. The

presence of these three conditions signals that the problem is solvable using one of these two

discrete distributions.

Key Distinction: Fixed vs. Variable Trials

While the binomial and geometric distributions are built upon the same foundational Bernoulli

process, they diverge significantly in their definition of the scope of the experiment. This difference

is the most reliable determinant when deciding which model to use.

The distributions share the following key difference, which relates directly to the parameter n (the

number of trials):

Binomial Distribution (Fixed N): In a binomial distribution, the total number of trials (n) is fixed

and known beforehand (e.g., flip a coin exactly 10 times, survey 50 people). The variable of

interest (X) is the count of successes within that fixed boundary.

Geometric Distribution (Variable N): In a geometric distribution, the number of trials is not fixed.

The experiment continues until the first success is obtained. The variable of interest (X) is the

number of failures, or the total number of trials required until we achieve that success.

Therefore, if the problem statement asks, "What is the probability of getting 3 successes out of 5

attempts?" the fixed trial count dictates the use of the binomial distribution. Conversely, if the
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question is, "How many attempts will it take until the first success occurs?" the required waiting

time structure necessitates the use of the geometric distribution.

Calculating Expected Value and Variance

The expected value (mean) and variance are crucial measures that describe the center and spread

of a distribution. Because the structure and variables of the binomial and geometric distributions

are different, their methods for calculating these descriptive statistics are distinct.

For the binomial distribution, the expected number of successes is simply the product of the

number of trials and the probability of success. The variance measures how much the number of

successes deviates from this expected value.

Binomial Expected Value (E): E = n * p

Binomial Variance (Var): Var = n * p * (1 - p)

For the geometric distribution, the expected value represents the average number of trials

required to achieve the first success. Since the geometric distribution is highly skewed, its variance

calculation reflects this inherent variability in waiting time.

Geometric Expected Value (E): E = 1 / p (The average number of trials to get the first success).

Geometric Variance (Var): Var = (1 - p) / p²

Practice Problems: When to Use Each Distribution

In each of the following practice problems, the critical task is to determine whether the structure of

the question implies a fixed number of trials (binomial) or a sequence continuing until the first

success (geometric).

Problem 1: Rolling Dice

Jessica plays a game of luck in which she keeps rolling a dice until it lands on the number 4. Let X

be the number of rolls until a 4 appears. What type of distribution does the random variable X

follow, and why?

Answer: X follows a geometric distribution. This is because the experiment is defined by the goal

of stopping upon the first success (rolling a 4). We are interested in estimating the number of rolls

required until we finally get a 4. Crucially, this is not a binomial distribution because there is not a

fixed, predetermined number of trials; the experiment length is variable.

Problem 2: Shooting Free-Throws
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Tyler makes 80% of all free-throws he attempts (p=0.8). Suppose he shoots exactly 10 free-

throws. Let X be the number of times Tyler makes a basket during the 10 attempts. What type of

distribution does the random variable X follow, and what are its parameters?

Answer: X follows a binomial distribution. This is because all four Bernoulli criteria are met: there

is a fixed number of trials (n=10 attempts), the probability of "success" (p=0.8) on each trial is the

same, and each attempt is independent. The parameters are n=10 and p=0.8. If the question

asked, "How many shots until Tyler makes his first basket?" it would shift to a geometric model.

Summary of Applications

In summary, while both the binomial and geometric distributions are cornerstones of discrete

probability theory, their application is context-dependent. Use the binomial distribution when you

are counting outcomes in a finite sequence, such as determining the number of defective items in a

batch of 100.

Conversely, employ the geometric distribution when the experiment is open-ended and the focus is

on waiting for the first occurrence of an event, such as calculating the number of marketing calls

needed before securing the first sale. Recognizing the presence or absence of a fixed trial count is

the essential first step in proper statistical modeling.
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